< 



o 



G-prime and G-primary G-ideals on 
G-schemes 



o 
o 

(N 

^ ■ MiTSUYASU Hashimoto and Mitsuhiro Miyazaki 

I— J ; 

I Graduate School of Mathematics, Nagoya University 

Chikusa-ku, Nagoya 464-8602 JAPAN 
hasimotoOmath . nagoya-u .ac.jp 



Department of mathematics, Kyoto University of Education 
1 Fukakusa-Fujinomori-cho, Fushimi-ku Kyoto 612-8522 JAPAN 
g53448@kyokyo-u .ac.jp 

Dedicated to Professor Masayoshi Nagata 



(N 
> 

Abstract 

Q ■ Let G be a flat finite-type group scheme over a scheme S, and X a 

^\ . noetherian S'-scheme on which G-acts. We define and study G-prime 

and G-primary G-ideals on X and study their basic properties. In 
particular, we prove the existence of minimal G-primary decomposi- 
^ , tion and the well-definedness of G-associated G-primes. We also prove 

^ I a generalization of Matijevic-Roberts type theorem. In particular, we 

prove Matijevic-Roberts type theorem on graded rings for i^-regular 
and F-rational properties. 

1. Introduction 

In this introduction, let i? be a noetherian base ring, G a flat group scheme 
of flnite type over R, and consider a noetherian i?-algebra A with a G-action, 
for simplicity. 
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Let if be a finitely generated abelian group, i? = Z, and W = RH the 
group algebra. Letting each h E H group-like, W is a finitely generated fiat 
commutative Hopf algebra over R, and hence G = Spec W is an afiine fiat 
i?-group scheme of finite type. It is well-known that a G-algebra is nothing 
but an if-graded ring, and for a G-algebra A, a (G, y4)-module is nothing 
but a graded A-module. This is the most typical and important case, and 
actually many of our ideas and results in this paper for general G already 
appeared in [6], [7], as those for if-graded rings. Note that Kamoi [17] 
treats not necessarily finitely generated H. 

Let p be a prime ideal of a Z"-graded ring A. Then p*, the largest 
homogeneous ideal contained in p, is again a prime ideal. An associated prime 
of a homogeneous ideal of a noetherian Z"-graded ring is again homogeneous. 
These well-known facts on graded rings can be generalized to results on 
actions of smooth groups with connected fibers, see Corollary 16.251 

However, this is not true any more for more general group scheme actions. 
For example, these results fail to be true for torsion-graded rings. But even 
for general G-algebra for a group scheme G, the ideal of the form p* is very 
special among other G-ideals, where p* is defined to be the largest G-ideal 
contained in p. In general, we define that a G-ideal P is G-prime if P = p* 
for some prime ideal p of A. It is not difficult to show that a G-ideal P of 
A is G-prime if and only if the following holds: P ^ A, and if I and J are 
G-ideals and IJ C P, then either I G P or J G P, see Lemma 15.31 Thus 
our definition is a straightforward generalization of Kamoi's definition of an 
if-prime [T71 Definition 1.2]. 

A G-primary G-ideal is defined similarly. The purpose of this paper is to 
define G-prime and G-primary G-ideal and study basic properties of these G- 
ideals. We also define and study basic properties of G-radical and G-maximal 
G-ideals. 

One of the most important motivation of our study is a generalization of 
so called Matijevic-Roberts type theorem. This type of theorem asserts that 
if A is a noetherian ring with a G-action, P a prime ideal of A, and if Ap* 
enjoys the property P, then Ap has the same property P, where P is either 
'Cohen-Macaulay,' 'Gorenstein,' 'complete intersection,' or 'regular.' The 
theorem was originally conjectured by Nagata [21j for Z-graded rings and 
Cohen-Macaulay property. The theorem for Z"-graded rings was proved by 
Hochster-Ratliff [16], Matijevic-Roberts [20\, Aoyama-Goto [1], Matijevic 
|19j . Goto-Watanabe [7], Cavaliere-Niesi |1], and Avramov-Achilles [3]. The 
theorem was then generalized to the action of affine smooth G with connected 
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fibers fH] Theorem II. 2. 4. 2]. The affine assumption was recently removed by 
M. Ohtani and the first author (unpublished). Note that Ap* makes sense 
in these cases because P* is a prime ideal. On the other hand, Kamoi [TTJ 
Theorem 2.13] proved the theorem for graded rings, graded by general H, 
for Cohen-Macaulay and Gorenstein properties. As P* is not a prime any 
more, he modified the statement of the theorem. 

Although we need to assume that either G is smooth or i? = is a 
perfect field for the property 'regular,' we prove this theorem for general G, 
see Corollary 17.71 Assuming that A is locally excellent and also assuming 
that G is smooth or R = k is a perfect field, we also prove the theorem 
for F-regularity and F-rationality. It seems that this assertion has not been 
known even as a theorem on ^"'-graded rings. Note that Ap* is not local 
in the general settings, and as in Kamoi's work, we need to modify the 
statement. That is, we replace the condition 'Ap. enjoys P' by 'for some 
minimal prime p of P*, Ap enjoys P.' We can prove that "for some minimal 
prime" is equivalent to "for any minimal prime," see Corollary 17.81 

We also discuss G-primary decomposition. It is an analogue of primary 
decomposition. We prove that a G-primary G-ideal does not have an embed- 
ded prime (see Corollary 16. 2p . There is a deep connection between primary 
decompositions of a G-ideal I and those of 'G-primary components' of /, see 
Theorem 16.101 For related results on graded rings, see [TTJ Proposition 2.2]. 

When we consider a group action, considering only affine schemes is some- 
times too restrictive, even if a goal is a theorem on rings. We treat a group 
scheme action on a noetherian scheme X. 

We also prove some scheme theoretic properties on G-schemes such that 
is G-primary. If X is a noetherian G-scheme such that is G-primary, 
then the dimension of the fiber of the second projection p2 : G x X X is 
constant (Proposition 16.271) . If, moreover, X is of finite type over a field or Z 
(more generally, X is Ratliff, see (16.281) ). then X is equidimensional (Propo- 
sition [6l35]) . We say that a ring B is Ratliff if B is noetherian, universally 
catenary, Hilbert, and B/ P satisfies the first chain condition for any minimal 
prime P of B. A field and Z are Ratliff. A finite-type algebra over a Ratliff 
ring is Ratliff (Lemma 16.331) . We say that a scheme Y is Ratliff if Y has a 
finite open covering consisting of prime spectra of Ratliff rings. 

Section 2 is preliminaries. We review basics on scheme theoretic image. 
Fitting ideals, and (G, (9x)-niodules. In section 3, we study primary decom- 
positions of ideal sheaves over a noetherian scheme. In section 4, we define 
and study G-prime and G-radical G-ideals. We also study some basic prop- 
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erties of n* (the largest quasi- coherent {G, (9x)-niodule contained in n) used 
later. In section 5, assuming that the G-scheme X is noetherian, we define 
and study G-primary G-ideals on X and G-primary decomposition. We prove 
that G-associated G-prime is well-defined. In section 6, assuming that G is 
of finite type (more generally, the second projection p2 : G x X — > X is of 
finite type), we study further properties of G-prime and G-primary G-ideals. 
In section 7, we prove a generalization of Matijevic-Roberts type theorem as 
explained above. 

2. Preliminaries 

(2.1) A scheme is not required to be separated in general. 

Let y be a scheme and X a quasi-coherent ideal of Oy- Then we denote 
the closed subscheme defined by I by V{X). For an ideal J of Cy, the sum 
of all quasi-coherent ideals of Oy contained in J is denoted by J* . Note 
that J* is the largest quasi-coherent ideal contained in J . 

Let if : Y ^ Z he a, morphism of schemes. Then V{Kei{Oz (/^^.Oy)*) 
is denoted by Sim 93, and called the scheme theoretic image (or the closed 
image) of [H (9.5.3)]. Let ip : Y ^ Slmy^ be the induced map. If ly is a 
separated scheme, then 

r : Homsch(SIm¥P, W) ^ Homsch(>^, W) 

is injective, where Sch denotes the category of schemes [H (9.5.6)]. 

(2.2) By definition, Slmy^ is the smallest closed subscheme of Z through 
which if factors. So it is easy to see that if Y is reduced, then the closure of the 
image ^{Y) oiY hy ip with the reduced structure is Sim 99 [TOl Exercise II. 3. 11 
(d)]. In particular, Slmy^ is reduced if Y is reduced. 

(2.3) Let y be a scheme, and Z a subscheme of Y . The scheme theoretic 
image SImt is called the closure of Z in F, and is denoted by Z, where 
t : Z ^ y is the inclusion. 

(2.4) Let y9 : y — s> Z be a faithfully fiat morphism. Then for an O^-module 
the unit of adjunction u : ip*M. — > ip*ip^ip*M. is split mono. Since ip* is 

faithful exact, m : — ip^ip*M. is also mono. In particular, Oz — ^ V*Oy is 
a mono, and hence SImyj = Z. 
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(2.5) Let 



be a sequence of morphisms of schemes. Let i : Sim ^ Z he the inclusion. 
Then SIm(^^) = Slm(^0 [8, (9.5.5)]. 

In particular, if : F — Z is a fiat finite-type morphism between noethe- 
rian schemes, then SImyj = Imyj. 

(2.6) If : y — > Z is a quasi-compact morphism, then Ker((9^ '{>*Oy) 
is quasi-coherent, and hence SIm((y9) = \^(Ker((9^ y9^,Cy)). 

To verify this, we may assume that Z is affine, and hence Y is quasi- 
compact. There is a finite affine open covering (C/j) of Y . Let U := ]J- f/, —>■ 
Y be the canonical map. Replacing Y by U, we may assume that Y is also 
affine, and this case is trivial. 

Note that if ip is quasi-compact quasi-separated, then ip^Oy is quasi- 
coherent jSl (9.2.1)]. 

(2.7) (cf. P (9.5.8)]) Let 




be a cartesian square of schemes. Assume that (p is quasi-compact quasi- 
separated, and / is flat. Then Slimp' = f~^{Slmip). Indeed, if 

is exact, then applying the exact functor /* to it, 

is exact. 

(2.8) Let F be a scheme. For a closed subscheme W of Y, we denote 
the defining ideal sheaf of W by 2{W). For a morphism f : Y ^ Z oi 
schemes and an ideal sheaf X of Oy, the ideal sheaf (?7~^(/+X))* is denoted 
by X n Oz, where r] : Oz — > f*Oy is the canonical map. In other words, 
SIm(V(X) ^Y ^ Z) = V(lr] Oz). 

IfY ^ Z ^ W is a sequence of morphisms and X is an ideal of Oy, then 

{inOz)nOw = ir] Ow by ([23]). 
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For a morphism f : Y Z and an ideal of Oz, the image of f*J^ — >■ 
f*Oz — ^ Oy is denoted JOy. If J" is a quasi-coherent ideal, then so is JOy, 
an.dV{JOy) = f-\V{J)). Notethat J C JOyOOz audi D {lnOz)Oy. 

If / : y — ^ Z is a quasi-compact immersion, then (X fl Oz)Oy is I. 

(2.9) Let -R be a commutative ring. Let ip : F E he a. map of i?-free 
modules with E finite, and n be an integer. If n < 0, we define /n(v^) = -R- 
If n > 1, we define to be the image of ipn '■ t^F ® /\"'E* — > R given by 

V?n(/i A ■ ■ • A /„ (g) ei A ■ ■ ■ A e„) = det(ei((^(/j))). 

Let M be a finitely generated i?-module. Take a presentation 

(1) F ^ i?" M ^ 

with F being i?-free (not necessarily finite). For j G Z, Ir-j{(p) is independent 
of the choice of the presentation ([T]). We denote Ir-j{ip) by Fittj(M), and 
call it the jth Fitting ideal of M, see [3 (20.2)]. 

The construction of Fitting ideals commutes with base change Corol- 
lary 20.5]. So for a scheme Y and a quasi-coherent (9y-module of finite 
type and j G Z, the quasi-coherent ideal Fittj(AI) of Oy is defined in an 
obvious way. If Ai is locally of finite presentation, then Fittj (A^) is of finite 
type for any j. 

2.10 Lemma. Let f : Y ^ Z be a morphism of schemes, Ai a quasi- coherent 
Oz-module of finite type, and j G Z. Then {¥iit A M))Oy = Fitt.f f*(M)). 

Proof. Follows immediately by [5l Corollary 20.5]. □ 
As in [5, Proposition 20.8], we can prove the following easily. 

2.11 Lemma. Let Y be a scheme, M. a quasi- coherent Oy -module of finite 
type, and r > 0. If Yiii ^jM) = Oy and Fiit^_^{M) = 0, then M is locally 
free of well-defined rank r. 

(2.12) Throughout the article, S denotes a scheme, and G denotes an S- 
group scheme. Throughout, X denotes a G-scheme (i.e., an S-scheme with a 
left G-action). We always assume that the second projection p2 : G Xs X ^ 
X is flat. 
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(2.13) As in [HI section 29], let B^{X) be the diagram 

Igxa 

a 

GxGxX GxX p, X , 

P23 ^ 

where a : G x X X is the action, n : G x G ^ G is the product, 
and p2 : G X X X and P23 :GxGxX—*GxX are appropriate 
projections. Note that Bq{X) has flat arrows. To see this, it suffices to see 
that a : G X X X is flat. But since a = with b an isomorphism, where 
b{g,x) = {g,gx), this is trivial. 

By definition, a (G, Cx)-module is an C^Mj-j^^-module. It is said to be 
equivariant, quasi- coherent or coherent, if it is so as an O^M(jf-) -module, see 
[12j . The category of equivariant (resp. quasi-coherent, coherent) {G,Ox)- 
modules is denoted by EM{G,X) (resp. Qch(G, X), Coh(G, X)). In general, 
Qch(G, X) is closed under kernels, small colimits (in particular, cokernels), 
and extensions in the category of (G, Cx)-niodules. In particular, it is an 
abelian category with the (AB5) condition ([12], Lemma 7.6]). 

(2.14) Let X be as above. We say that (7W,$) is a G-linearized Ox- 
module if A4 is an Ox-module, and $ : a*Ai an isomorphism of 
Ocxx-modules such that 

(/i X lx)*$ : (/i X lxya*M ^ (/i x IxTp^M 

agrees with the composite map 

(/i X lxTa*M ^ (1g X a)*a*M ^ (1g x aYp^M 

^ p;,a*M ^ pI^pIM ^ (/i X IxTpIM, 

where d's are canonical isomorphisms. We call $ the G-linearization of M.. 

A morphism (p : {Ai, $) — * {Af, \1/) of G-linearized Ox-modules is an Ox- 
linear map if : M. ^ N such that ^a*ip = P2f^- We denote the category of 
G-linearized Ox-modules by Lin(G, X). The full subcategory of G-linearized 
quasi-coherent Ox-modules is denoted by LQ(G, X). 

For AA E EM(G, X), {Aio, aJ^^^^aso(i)) is in Lin(G, X), and this corre- 
spondence gives an equivalence. With this equivalence, Qch(G, X) is equiv- 
alent to LQ(G,X). See the proof of [T2l Lemma 9.4]. 
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(2.15) If X and GxX are quasi-compact quasi-separated, then Qch(G', X) 
is Grothendieck. If, moreover, X is noetherian, then Qch(G, X) is locally 
noetherian, and Ai G Qch(G', X) is a noetherian object if and only if Aio is 
coherent ([121 Lemma 12.8]). 

(2.16) The restriction functor (?)o : Qch(G, X) —>■ Qch(X) is faithful ex- 
act. With this reason, we sometimes let J\f G Qch(X) mean A4 G Qch(G, X) 
if A/" = A^o- For example. Ox means the quasi-coherent (G, (9x)-iiiodule 
OgM(^x)^ since {OqM(^x))q = ^x- Note that M. G Qch(G', X) is coherent (i.e., 
it is in Coh(G, X)) if and only if A/" = M.q G Coh(X), and no confusion will 
occur. 

Let M' be a subobject oi M e Qch(G, X). Then M'q C Mq and the 
(G, Cx)-module structure of M. together determine the (G, Ox)-submodule 
structure of M' uniquely. This is similar to the fact that for a ring A and an 
y4-module M and its A-submodule X, the subset N G M and the A-module 
structure of M together determine the A-submodule structure of X uniquely. 
So by abuse of notation, we sometimes say that A^q is a quasi-coherent 
(G, Cx)-submodule of J^o, instead of saying that Ai' is a quasi-coherent 
(G, Cx)-submodule of A^. Applying this abuse to Ox, we sometimes say that 
I C Ox is a quasi-coherent G-ideal of Ox (i.e., a quasi-coherent {G,Ox)- 
submodule of Ox)- 

(2.17) Let {^A, $) be a G-linearized Cx-module, and A/" an C^-submodule. 
We identify P2J\f by its image in p^-M, since p2 is fiat. Similarly, a is also flat, 
and we identify a*Af by its image in a*A4. Then A/" is a (G, Cx)-submodule 
if and only if $(a*A/') = ^2-^5 since then $ : a*A/' — P2-^ isomorphism. 

So for a G-equivariant Ox-module and an Ox-submodule Af of JAq, 
Af is a (G, (9x)-submodule if and only if the image of a*Af by the map 
a : a*A4o ^ A4i agrees with the image of p^Af by the map a : p^-Mo — > -Mi- 

2.18 Lemma. Let M. he a quasi- coherent (G, Ox)-'module of finite type, and 
j G Z. r/ien ^/ie Fitting ideal FittjAA is a G-ideal of Ox- 

Proof. By Lemma [2. 10^ the two extended ideals (Fitt^ ■M.)Ogxx via a : G x 
X — > X and p2 G x X X agree, since the former one is Fittj(a*A/i), the 
latter one is Fittj(P2-^), and a*M = p^M- □ 

(2.19) The restriction (?)o : Qch(G,X) Qch(X) has a right adjoint, if 
the second projection ^2 : C x X ^ X is quasi-compact quasi-separated ( [T2| 
Lemma 12.11]). 
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3. Primary decompositions over noetherian schemes 



Let y be a scheme. An ideal of Oy means a quasi-coherent ideal sheaves, 
unless otherwise specified. An Cy-module means a quasi-coherent module, 
unless otherwise specified. 

(3.1) An ideal V of Oy is said to be a prime if V{V) is integral. An ideal 

Y of Oy is said to be a quasi-prime iiV ^ Oy, and if I and J are ideals of 
Oy such that IJ C P, then X dV oi J dV holds. 

3.2 Lemma. Let V he an ideal of Oy. If V is a prime, then V is quasi- 
prime. IfY is quasi- compact quasi- separated and V is quasi-prime, then V 
is a prime. 

Proof Replacing Y by V{V), P by 0, J by lOy^v), and J by JOv(r), we 
may assume that V = 0. 

We prove the first part. Since Y is integral, it is irreducible and hence is 
non-empty. Thus Oy = V. 

Let 77 be the generic point of Y. Since I J' = 0, X^JT^ = 0. Since Oy^r/ is 
an integral domain, = or = 0. If X^ = 0, then 

I C IriHOy = on Oy. 

This is zero by fl2.2p . applied to SpecOy,, — > Y. Similarly, = implies 
J = 0. 

We prove the second part. Since Y is quasi-compact, it has a finite affine 
open covering {Ui)2=i. We may assume that Ui, . . . ,Us are reduced, and Ui 
is not reduced for i > s. Let Xj = Ou^ fl Oy be the pull-back of zero for i < s. 
For i > s, there is a non-zero ideal J'i of such that J'^ = 0, since f/j is 
affine and non-reduced. Set Xj = (J7i fl Cy)^. 

Since the inclusion Ui ^ Y is quasi-compact, 2i\ui = 0- Thus Xi ■ ■ - X^ = 
0. By assumption, there exists some i such that Xj = 0. If i > s, then 
J7i n Oy = by assumption again. So J'i = {J'i fl Oy)\u, = 0, and this is 
a contradiction. So i < s. Thus Y is the scheme theoretic image of the 
inclusion Ui ^ Y. By f l2.2p . Y is reduced. 

Since Oy ^ 0, Y is non-empty. Assume that Y is not irreducible. Then 

Y = Y1UY2 for some closed subsets Yi Y. Let us consider the reduced 
structure of Yi, and set /Cj = I{Yi). Then /Ci fl /C2 = 0. By assumption, 
/Ci = or /C2 = 0. This contradicts Y^ ^ Y. So Y must be irreducible, and 

Y is integral. □ 
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(3.3) An ideal Ai of Oy is said to be maximal, if is a maximal element 
of the set of proper (i.e., not equal to Oy) ideals of Oy. The defining ideal of 
a closed point (with the reduced structure) is maximal. Since a non-empty 
quasi-compact To-space has a closed point, if Y is non-empty and quasi- 
compact, then Oy has a maximal ideal. It is easy to see that a maximal 
ideal is a prime ideal. 

3.4 Lemma. If f : Y ^ Z is a morphism and V is a prime ideal of Oy, 
then V n Oz is a prime ideal. 

Proof. This is nothing but the restatement of the fact that the scheme the- 
oretic image of the composite 

V{P) ^Y ^ Z 

is integral, see 02.21) . □ 

(3.5) Let X be an ideal of Oy. For an affine open subset U of Y, we define 
T{U, Vl) := ^T{U,I). This defines a quasi-coherent ideal y/T of Oy. We 
call y/T the radical of X. The formation of \/T is local (that is, for any open 
subset f/ of y, VT\u = a/X|(/), and V{I) is reduced if and only if X = \/T. 
Hence V = \/V for a prime ideal V of Oy. Note also that -\/X = Ox if and 
only if X = Ox, since the formation of \/T is local. 

3.6 Lemma. For an ideal I of Oy, 

vx=(n^r, 

where the intersection is taken over all prime ideals V containing X. 

Proof. Note that the assertion is well-known for affine schemes. Set the right 
hand side to be J . Since X C P, we have a/X C \/V = V. So VX C JT" is 
obvious. 

To prove VX D J , it suffices to prove that -\/X|c/ ^ J\u for any affine open 
subset U of F. Let Q be a prime ideal of Ou such that Q D X\u. Then QflOy 
is a prime by Lemma [331 and Q n Cy D Xjc; n Oy D X. Hence QnOy ^ J. 
Thus Q D (Q n Oy)\u D JIc/. Hence J\yG^Q = = \^|c/. □ 
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(3.7) An ideal X of Oy is said to be a radical ideal if \/X = T. 

3.8 Lemma. Let (Xx)AeA be a family of radical ideals ofOy- Then {[\^X\)* 
is a radical ideal. 

Proof. Let Yx := V"(Ja), and Y' := Ux^x- Note that Y' is reduced. So the 
scheme theoretic image of the canonical map ip : Y' ^ Y is also reduced by 
(12.21) . On the other hand, the defining ideal of SIm((y9) is {f]^2\y, and we 
are done. □ 

(3.9) From now, until the end of this section, let Y be noetherian. For an 
Oy-module A4, the subset 

{yeY\}loma,Jf^{y),My)y^O} 

of Y is denoted by Ass(A^). 

3.10 Lemma. Let Ai be a coherent Oy -module, andM its suhmodule. Then 
the following are equivalent. 

(i) Ass(7V/i/A/') = {y} is a singleton. 

(ii) M. 7^ N , and if C is a suhmodule of M., X an ideal of Oy , XL C M , 

and C(/lM , then X C \/ M : M. 

If this is the case, yMTM. is a prime, and y is the generic point ofV{-\/M : M.) . 

Proof. Replacing M. by A4/Af, we may assume that Af = 0. Moreover, 
replacing Y by Vi ann Ai), we may assume that arm = 0. 

(i) =^(ii). Since Ass is non-empty, Ai ^ 0. 

Note that for any non-empty affine open set U of Y, Ass Ai\u = {y}nf/ 7^ 
0. So y must be the generic point of Y. In particular, Y is irreducible. The 
last assertion is now obvious. 

Let XC = and C ^ 0. Then there is a non-empty affine open subset U 
of Y such that C\i/ 7^ 0. Since X\ijC\ij = 0, Ass(Ai) = {y}, X|[) = for some 
n > 1 by the usual commutative ring theory. Assume that X" 7^ 0, and take 
X G SuppX". Let V be an affine open neighborhood of x. Then X"'\v 7^ 0, 
and SuppX"|y CV\U. Set /C := ann(X"|y). Then V{}C) = Supp(X"|y) C 
V\U CV. SolC<^VO. Since JCX^W = and the ideal of T{Ov, V) is a 
primary ideal, X"'\v = 0, and this is a contradiction. Hence X" = 0. 

(ii) ^(i). Since 7^ 0, F 7^ 0. First, we prove that is a prime. 
Since F 7^ 0, we have that ^/O 7^ Oy. Let X and JT" be ideals of Oy, and 
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assume that XJ C -\/0 and J <f_ \/0. Then there exists some n > 1 such 
that J" J" = 0. Since J" 7^ and ann>f = 0, J^'M ^ 0. By assumption, 
J" C So J C So VO is a prime, and F is irreducible. Let y denote 
the generic point of Y . 

Next, let [/ be a non-empty afhne open subscheme of Y. Let X be an ideal 
of Ou, and £ be a nonzero submodulc of M\u such that XC — 0. Let C be 
the kernel oi M. i^i*{Ai/C), where i : U Y is the inclusion. 

Note that C ^ 0, since C'\u = C. Note also that Supp((Jn CY\U. 
Set IC := ann((X n Oy)C'). Then IC ^ Vo. Since /C(I n Oy)£' = 0, we have 
{X n Oy)jC' = by assumption. Since £' 7^ 0, there exists some n > 1 such 
that (X n OyT = 0. Hence 

X" = ((xn = ((xn e»y)")|t, = 0. 

As U is affine, this shows that T{U, M) is \/0-primary, and hence Ass(A1|i7) = 
{y}. Since C/ is arbitrary, it is easy to see that AssM — {y}. □ 

(3.11) Let A4 he a. coherent Cy-module and J\f its submodule. If the 
equivalent conditions of the lemma is satisfied, then we say that jV" is a 
primary submodule of A1. If A4 = Oy, then we say that jV is a primary 
ideal. If is a primary submodule of Ai, then we say that is a primary 
module. If Oy is a primary module, then we say that Y is primary. 

If A/" is a primary submodule of A4, M. is coherent, and Ass(A^/A/') = 
{y}, then we say that H is y-primary. We also say that H is VjV : M.- 
primary. 

Note that if jV is a primary submodule of Ai, then jV : is a primary 
ideal (easy). 

We consider that Y is an ordered set with respect to the order given by 
y < y' ii and only if ?/ is a generalization of y' . For a coherent Oy-module 
Al, any minimal element of SuppA4 is a member of Ass(AI). The set of 
minimal elements of Supp Af is denoted by Min(A^). If Af is coherent, then 
Ass(Af) is a finite set. If M. is quasi-coherent, then Ass(Al) = if and only 
if Al = 0. If Al is quasi-coherent, then Supp(A<) D Ass(A<) D Mm{M). 

(3.12) Coherent prime ideals of Oy is in one to one correspondence with 
integral closed subschemes of Y {V corresponds to V{V)). So they are also 
in one to one correspondences with points in Y {V{V) corresponds to its 
generic point). So for a coherent Oy-module Al, SuppAl, AssAl, and 
Min M. arc sometimes considered as sets of prime ideals of Y . An element of 
Ass A4 \ Min Al is called an embedded prime of A4. 
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(3.13) Let be a coherent sheaf over Y, Ass(AI) = {yi, . . . ,yr}, and 
yi, . . . ,yr be distinct. Let = Mii fl ■ ■ ■ fl Mj,.^ be a minimal primary 
decomposition of C J^y^. Since depth A^^. = 0, by reordering if necessary, 
we may assume that Mj^i is triy^-primary. We set Li = Mj^i. Note that 
{MyJ = f]jy2 Hence (A^yJ n Lj = and MyJ Li has a finite 
length. 

Let ifi : Spec Oy. he the canonical map. Let Mi be the kernel of the 
composite 

M {V^).My^ {^i),{MyjLi) 

so that there is a monomorphism JV[jMi "—>■ {ipi)^{M.yJ Li). It is easy to see 
that Ass(Ai/A/'i) = {yi}. 

Since {N'i)y^ = Li and H^ {Li) = 0, we have that yi ^ Ass(A/i). In 
particular, Ass(A/'i n • ■ ■ n Mr) = 0. 

So there is a decomposition 

= ATi n ■ • • n A/; 

such that Ass{Mt/Mi) = {Vi}. We call such a decomposition a minimal 
primary decomposition of 0. 

If A/" is a coherent Oy-submodule of Ml and Ass{Ml / M) = {yi, . . . ,yr}, 
{yi, . . . , yr are distinct), then there is a decomposition 

(2) M = MiH-'-nMr 

such that Ass(Ai/Aij) = {yi}. We call such a decomposition a minimal 
primary decomposition of M. Such a decomposition is not unique in general. 
If a coherent Ox-submodule W agrees with some Mli for some minimal 
primary decomposition ([2]), we say that W is a primary component of M. 
Note that a primary component Mli for yi G Min(Ai/A/') is known to be 
unique. If Ai = Ox and A/" is a radical ideal, then Ox/M does not have 
an embedded prime, and Mli is the unique prime ideal such that the generic 
point of V{Mti) is yi. 

3.14 Lemma. Let Ml be a coherent Oy -module, andM a coherent suhmodule 
of M. Let he a minimal primary decomposition of M . If M/M does not 
have an embedded prime, then 

r 

(3) M : M = {^Mi: M 

i=l 
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is a minimal primary decomposition. In particular, Ass M-j M = Ass Ox / (A/" 
M). 



Proof. It is obvious that the equation ([3]) holds, and it is a primary decom- 
position. 

Since is minimal, \^Aii : Ai are distinct, and there is no incidence 
relation each other. The minimality of ([3]) follows easily. □ 

(3.15) Let A^ be a coherent sheaf over Y. Note that A4 satisfies Serre's 
(S'i)-condition (see [21 (5.7.2)]) if and only if A4 has no embedded prime. 

3.16 Lemma. Let U he an open subset ofY such that U flSuppA^ is dense 
in SuppA/i. Let l : U Y be the inclusion. If Ai satisfies (Si), then the 
canonical map Ai l^,l*M. is mono. 

Proof. The kernel if y\^f M. of this map is coherent, and is supported in 
Supp A/l\f/. By assumption, an associated prime is an embedded 

prime of M.. Since M. has no embedded prime, 

A-^s{H^Y\u^) = 0- Thus 
H^\jj M. = 0, and the assertion follows. □ 

3.17 Corollary. Let f : Z —* Y be a flat morphism of finite type. If the 
image of f is dense in Y and Y satisfies (Si), then Sim / = Y. 

Proof. Replacing Z by Im/, we may assume that / is an open immersion. 
The assertion follows immediately by the lemma applied to Oy- □ 

3.18 Lemma. Let f : Z ^ Y be a morphism of noetherian schemes. If Z 
is primary, then Sim / is primary. 

Proof. We may assume that Sim/ = Y. Clearly, Y is irreducible. It re- 
mains to show that Y satisfies {Si). So we may assume that Y = Spec A is 
affine. Take a non-empty affine open subset U of Z. Then by Corollary 13. 17[ 
SIm(f/ --^ Z) = Z . It is easy to see that U is also primary. Hence by fl2.5p . 
replacing Z by U, we may assume that Z = Speci? is also affine. Since a 
zerodivisor of B is nilpotent and A is a subring of B, a zerodivisor of A is 
nilpotent. So Y is primary. □ 
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4. G-prime and G-radical G-ideals 

Let S he a scheme, G an S'-group scheme, and X a G-scheme. We say that 
X is a p-flat G-scheme if the second projection p2 : G x X ^ X is flat. If 
G is flat over S, then any G-scheme is p-flat. We always assume that X is 
p-flat. Although we do not assume that G is S-flat, the sheaf theory as in 
[12] and [13] goes well, since we assume that X is p-flat and hence Bq (X) 
has flat arrows. 

In the rest of the paper, an Cx-module and an ideal of Ox are required 
to be quasi- coherent, unless otherwise specified. A (G, (9x)-module and a G- 
ideal of Ox are also required to be quasi-coherent unless otherwise specified. 

(4.1) Let be a (G, Cx)-niodule. Note that the sum J2x-^>' '^^ quasi- 
coherent (G, (9x)-submodules Mx is a quasi-coherent (G, Ox)-submodule. 
If Af and C are quasi-coherent (G, Cx)-sub modules, then Af H C is again a 
quasi-coherent (G, Ox)-submodule. For a quasi- coherent G-ideal X, JJ\f is a 
quasi-coherent (G, Ox )-sub module. If, moreover, X is coherent, then being 
the kernel of the canonical map 

(4) M^ Romrn Jl,M/Af), 

Af : X is also a quasi-coherent (G, Cx)-submodule, see [12], (7.11)] and [121 
(7.6)]. More generally, 

4.2 Lemma. Let Y be a scheme, A4 a quasi- coherent Oy-Tnodule, Af a quasi- 
coherent Oy-suhmodule of Ai, and X a quasi- coherent ideal of Oy- If X is 
of finite type, then Af : X, the kernel of 1^, is a quasi- coherent submodule of 
AA. If X is a G-scheme, A4 a quasi- coherent {G, Ox) -module, Af its quasi- 
coherent (G, Ox) -submodule, and X a quasi- coherent G-ideal, then Af : X is 
a quasi- coherent (G, Ox)-submodule of AA. 

Proof. We prove the first assertion. For an affine open subset U oi Y , 
V{U,M : X) is the kernel of M ^ HomA(/, M/A^), where A := T{U,Ox), 
I := T{U,X), M := T{U,M), and A^ := T{U,Af). So T{U,Af -.X) = N : I. 
Since (A^ : I)B = N ®a B : IB for a fiat A-algebra B, the formation of a 
colon module (for of finite type X) is compatible with the localization. So 
Af : X is quasi-coherent. 

Next, we prove the second assertion. By the reason above, formation of 
a colon module (for of finite type X) is compatible with a fiat base change. 
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So 



$(a*(A/' : X)) = ^a*Af : a*I) = ^a*X) : a*I = p^M : p^X = pl{M : J). 

This shows that A/" : X is a (G, Ox)-submodulc of A^. □ 

Similarly, if £ is a quasi- coherent (G, Ox)-submodule of of finite type, 
then jV : £ is a quasi-coherent G-ideal of Ox- 

For an Cx-submodule m, quasi-coherent or not, of A4, the sum of all 
quasi-coherent (G, Ox)-submodules of M. contained in m is the largest quasi- 
coherent (G, Cx)-submodule of contained in m. We denote this by m*. 
If a is a quasi-coherent ideal of Ox and Y = V{a), then we denote V{a*) by 
Y*. Y* is the smallest closed G-subscheme of X containing Y. 

For a morphism f : Y ^ X, Ker(Ox — ^ f*OY)* defines the smallest 
closed G-subscheme Y' of X such that f~^(Y') — Y. We call Y' the G-scheme 
theoretic image of Y by /, and denote it by GSIm(/). Clearly, GSIm(/) D 
SIm(/) and GSIm(/) = SIm(/)*. Note that for a closed subscheme Y of X, 
Y* is the G-schcmc theoretic image of the inclusion Y -—^ X . It is easy to 
verify that, for a closed subscheme Y of X, the G-scheme theoretic image of 
the action G xY ^ X {{g,y) gy) is Y* . 

If / : y ^ X is a quasi-compact quasi-separated G-morphism of G- 
schemes. then Kcr(Ox f*OY) is a quasi-coherent G-ideal. So GSIm(/) = 
SIm(/) = V{Kei{Ox ^ /*Oy)). 

4.3 Lemma. Let f : V ^ X be a G-morphism of G-schemes. Let Y be a 
closed subscheme ofV. Then 

GSim(y* y ^ X) = sim(y ^ xy. 

Proof. 

GSIm(y* ^V^X)d GSIm(y ^ V ^ X) ^ SIm(Y X)*. 

We prove the opposite inclusion. /~^(SIm(F <^ V" — > X)*) is a G-closed 
subscheme of V containing Y. So it also contains Y* by the minimahty of 
Y*. By the minimahty of GSIm(y* ^X),we have GSIm(y* ^ 
X) C SIm(y X)*. □ 

4.4 Lemma. Let (mA)AeA be a family of Ox-submodules ofM. Then (Ha^a)* — 
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Proof. Since C triA for each A, we have (Ha^a)* (Ha^a)*- 

On the other hand, since rriA D (Ha'^a)* ^'^^ ea.ch A, we have H^a ^ 
(HaIT^a)*- By the maximahty of (HnxA)*, we have (Hi^a)* ^ (Ha'^a)*- □ 

4.5 Corollary. Let m and n be Ox-suhmodules of M.. Then m* fl n* = 
(mn n)*. 

Proof. Follows immediately from the lemma, since m* n n* = (m* fl n*)*. □ 

4.6 Lemma. Let m he an Ox-suhmodule of Ai. If Ai is of finite type, then 
(m : A^)* = m* -.M. 

Proof. Set J := (m : M)*. Then IM C m and IM is a quasi-coherent 
(G, Cx)-submodule of A^. Hence 1A4 C m* by the maximality, and X C 
m* : M. 

On the other hand, xn* : M C m : M. Hence m* : M C I hj the 
maximality. □ 

4.7 Lemma. Let m be an Ox-suhmodule of M., and J a finite-type G-ideal 
of Ox- Then (m : J)* =m* -.J. 

Proof. Similar. □ 

(4.8) We denote the scheme X with the trivial G action by X'. Thus 
G X X' is the principal G-bundle (i.e., the G-scheme with the G-action given 
by 9{9',x) = {gg',x)). 

(4.9) Let us consider the diagram 

^ fix 1 

G X G X G X x^^^"" GxGxX GxX X 

P234 ^ 

on the finite category A^^ (see for the definition, [12l (9.1)]). For A4 G 
Qch(X), AA^ is in Qch(G,X), where A = (?)am ascent functor 

p!2l (12.9)]. Thus we may say that p^-M is a quasi-coherent (G, (9x)-iiiodule, 
since (AA^)o = P2-AI. The G-linearization of pj-^ is the canonical isomor- 
phism d : {fl X lyp^M — > pl-iPlM. 
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(4.10) Let a : G X X' ^ X he the action. Then a is a G-morphism. Thus 
a*Ai is a quasi-coherent G-hncarizcd Ox-module for Ai G Qch(G, X). The 
G-hnearization is the composite map 

(/i X l)*a*M ^ (1 X a)*a*M ^ (1 x aYp^M ^ p*2^a*M. 

Since $ : a*M. P2-M. is a G-hnearization, $ : a*Ai P2-M. is an isomor- 
phism of G-hnearized Cx-modules. In particular, the composite map 

cu : M ^ a*a*M a^p^M 

is (G, Cx)-linear. 

4.11 Lemma. Let M. he a quasi- coherent {G,Ox)-'module, and n a quasi- 
coherent Ox-suhmodule of M.. Assume that the second projection G x X —>■ 
X is quasi-compact quasi-separated. Then n* agrees with the kernel of the 
composite map 

M ^ a^plM ^ a^pl{M/n), 
where 7r„ : Al — > Al/n is the projection. 



Proof. The diagram 
/ M 

u 

a*a*M 



a^plM 



a^p*2{M/vi) 



id 



a,E,E*a*M a,E,E*p*2M a,E,E*p*2{M/n) 



M 



■M/n 



is commutative, where e : Spec^S — > G is the unit element, and E — e x 
1 : X ^ G X X. Thus Ker(7ra;) C Ker{u7ruj) = KerTr = n. Moreover, 
Ker(7ra;) C Al is a quasi-coherent (G, Cx)-submodule of A4, since nu is 
(G, C>x)-linear. 
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So it suffices to show that any (G, Ox) -sub module Af oi contained in 
n is also contained in Ker(7rco'). This is trivial, since the diagram 

M a^plM — ^ a^pl{M /n) 



is commutative. □ 

4.12 Definition. We say that X is G-integral (resp. G-reduced) if there is 
an integral (resp. reduced) closed subscheme Y oi X such that Y* = X. A 
G-ideal V of Ox is said to be G-prime (resp. G-radical), if V{V) is G-integral 
(resp. G- reduced). 

4.13 Lemma. Let f : V ^ X be a G-morphism of G-schemes. If V is 
G-integral {resp. G-reduced), then GSIm(/) is G-integral {resp. G-reduced) . 

Proof. There is an integral (resp. reduced) closed subscheme Y of V such 
that Y* = V. Then Z := SIm(y ^ V — > X) is integral (resp. reduced), see 
(12.21) . Then GSIm(/) = Z* by Lemma [4. 3 [ and we are done. □ 

4.14 Corollary. Let f : V X be a G-morphism of G-schemes. If I is 
a G-prime {resp. G-radical) ideal of Oy, then (X fl Ox)* is G-prime {resp. 
G-radical) . 

Proof This is because {In Ox)* defines GSIm(V"(T) ^ X), which is 

G-integral (resp. G-reduced). □ 

4.15 Lemma. Let f : W V and g : V —>■ X be G-morphisms of G- 
schemes, and let t : GSIm/ --^ V be the inclusion. Then GSlm{gf) = 
GSlm{gL). 

Proof Similar to (9.5.5)]. □ 

4.16 Lemma. For a family (X^) of G-radical G -ideals of Ox, (Ha-^a)* is 
G-radical. 

Proof. There exists a family {J'x) of radical ideals of Ox such that J'^ =T\. 
By Lemma [4.41 we have 



/A)n*. 



(n^A)*=(n^A)*=((n^A 

A A A 

By Lemma 1X51 (Ha'^a)* is a radical ideal. So ((^^Xa)* is G-radical. □ 
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4.17 Corollary. The intersection of finitely many G-radical G-ideals is G- 
radical. □ 

4.18 Lemma. Let Y he an S-scheme which is integral {resp. reduced). As- 
sume that the principal G-bundle G x Y is p-flat. Then G x Y is G -integral 
{resp. G-reduced) . 

Proof. Let us consider the closed subscheme {e} xYoiGxY., where e is 
the unit element. Then 

GxY ^Gx{e}xY ^GxGxY ^GxY 

is the identity, and its G-scheme theoretic image is ({e} x Y)* . Hence ({e} x 
Y)* = G X Y. Since {e} x Y = Y is integral (resp. reduced), G x y is 
G-integral (resp. G-reduced). □ 

4.19 Corollary. Let f : Y ^ X be an S-morphism. Assume that Y is 
integral (resp. reduced). Set g to be the composite 

GxY GxX ^X. 

Then GSlmg is G-integral (resp. G-reduced). 

Proof. Follows from Lemma 14.181 and Lemma 14.131 □ 

4.20 Lemma. Assume that the second projection p2 : G x X ^ X is quasi- 
compact quasi- separated. If X is G-integral {resp. G-reduced) and U is a 
non-empty G-stable open subscheme of X , then U is G-integral {resp. G- 
reduced) . 

Proof. Take an integral closed subscheme Y of X such that Y* = X. Then 

Gx{YnU) U 



G xY ^^X 

is a fiber square. By (12. 7p . U = {YnU)*. Since F fit/ is an integral (reduced) 
closed subscheme of U, U is G-integral (resp. G-reduced). □ 

4.21 Lemma. Assume that the second projection p2 '■ G x X X is quasi- 
compact quasi-separated. Let ip : X' ^ X be a reduced G-morphism between 
locally noetherian G-schemes. If X is G-reduced, then X' is G-reduced. 

Proof. Similar. □ 
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(4.22) A G-ideal V of Ox is said to be G- quasi-prime ifV^ Ox, and if I 
and J are G-ideals of Ox such that IJ C V, then I dV or J dV holds. 

4.23 Lemma. If V is a G-prime ideal of Ox, then V is G -quasi-prime. 

Proof Let V ^ p* for a prime ideal p of O^- Since V c p Ox, V Ox- 
Let I and J be G-ideals of Ox such that IJ C T'. Then JJ' C p. Since p 
is a prime, we have X C p or ^ C p. Since I and J are G- ideals, we have 
X C p* = P or J C p* = P. □ 

(4.24) For a G-ideal X C wc denote the set of G-prime G-idcals con- 
taining X by Vg(X). The set Vg(0) is denoted by SpeC(3(X). We define the 
G-radical of X by 

where the right hand side is defined to be Ox if V'g(X) = 0. 

4.25 Definition. For a G-ideal X, we define 

Q(X) = {J" I J" is a quasi-cohernt G-ideal of Ox, and Z <Z J ^ Ox}- 
A maximal element of ^2(0) is said to be G-maximal. 

4.26 Lemma. A G-maximal G-ideal is G -quasi-prime. If X is quasi- compact, 
then a G-maximal G-ideal of Ox is of the form m* for some maximal ideal 
m. In particular, it is G-prime. 

Proof. We prove the first assertion. Let 7W be a G-maximal G-ideal of Ox, 
and X and J be G- ideals such that XJ C M.. Assume that X M. and 
J (^M. Then X + = Ox and J + Al = Ox by the G-maximahty. So 

Ox = {X + M){J + M) d M + XJ d M. 

This contradicts M ^ Ox- 

We prove the second assertion. Let be a G-maximal G-ideal of Ox- 
Since X is quasi-compact, V{M) is quasi-compact, and is clearly non-empty. 
So there is a maximal ideal m of Ox containing M.. Since 7W C m, we have 
Al C m*. By the maximality, M — vcC. Since m is a prime, M is G- 
prime. □ 
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4.27 Lemma. LetX he a G-ideal of Ox- If^ and X is quasi-compact, 
then Q{X) has a maximal element. In particular, a non-empty quasi-compact 
p-flat G-scheme has a G-maximal G-ideal. 

Proof. Since X e ^{X), Q(X) is non-empty. So it suffices to show that, by 
Zorn's lemma, for any non-empty chain (i.e., a totally ordered family) of 
elements {J\)xeK of J := Yli\^>^ again in VL{X). It is obvious that 

J" is a quasi-coherent G-ideal and J ^X. It suffices to show that J ^ Ox ■ 
Assume the contrary. Let X — Ur=i ^« ^® ^ finite affine open covering 
of X, which exists. Let Jx,i := r{Ui,Jx), and Ji = r{Ui,J) = J2xJx,i- 
As 1 G Ji, there exists some fii such that 1 G J^.,j. When we set /i — 
max(yUi, . . . , fj,n), then JT"^ = Ox- This is a contradiction. □ 

4.28 Lemma. Let X, J, V, and Xx (A G A) be G-ideals of Ox- Then the 
following hold: 



i) ^dx. 

ii) IfX D J, then Vg{X) C Vg{J). In particular, \/X D ^/j. 

iii) VG{^/X) = VciX) . In particular, %/ \/X = \fX. 

iv) Vg{XJ) = Vg{X nj) = Vg{X) U Vg{J). So ^TJ = ^/xnj = 

v) VG(j:xix)^nxMix)- 

vi) For n>l, \/X^ = \/X. 

vii) IfV is G -prime, then \/V — V. 



viii) // there exists some n>l such that J'^ C \fX, then J C \fX. 



(ii) If X D J and P G Vg(X), then P D X D J. So P G Vg{J)- Thus 
Vb(X) C Vg(J). Hence 




P D X. By the maximal- 



v^=( fl P)*d( fl P)*= 
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(iii) By (i) and (ii), Vg{ VT) C Vg{Z). If P G Vg{T), then 

P D ( fl Q)* = v^. 

SgVg(X) 

Hence V ^Vg^VT). Vg^VT) ^ I^g(^), and Vb( v^) = I^g(^) holds. 
This shows 



? G. 



'<fz={ Pi vy = { [\ vy = '<fx. 

(iv) By (ii), Vg{TJ) D Vg(X n J^) D Vg{T) U ^gIJ^) is trivial. If P e 
1^(117), then since P D XJ" and P is G-quasi-prime, P D X or P D JT" 
holds. So P G rc (X)UV-G (J). Thus Vg{IJ) = Vg{TV\J) = Vg(X)UVg(:^). 
Hence ^/Tj = ^/Tnj = ^/T n 

(v) V G V"g(E a^a) ^ V A P D Xa ^ P G Ha^gIXa). 

(vi) ^= ^xx- ■■x= v^x n X n ■ ■ • n X = v^. 

(vii) If P is G-prime, then "P is the minimum element of Vg(P). So 

^ = (ns.v,(P) Q)* = = p. 

(viii) ^= ^. □ 

4.29 Lemma. Let X he a G-ideal of Ox- Then \/X = \/T . In particular, 
X C \/X C VX and hence \/ \fX = \fX. If, moreover, X is noetherian, then 
there exists some n > 1 such that \/X C X. 

Proof. In view of Lemma [4.281 (i), it suffices to prove the first assertion. By 
Lemma 14. 4[ 

n=i fl pr = ( n pt = ( n pr = v^*- 

□ 

4.30 Corollary. Let X be a G-ideal of Ox- Then X is G-radical if and only 
ifX= ^. 

Proof. Assume that X is G-radical so that X = a* for a radical ideal a. Since 
X = a* C a, y/X C y/a = a. So X C y/X = \/X C a* = X, and hence 
X= v^. 

Conversely, assume that X= y/X. Then X = y/X = \fT , and smce 
is a radical ideal, X is G-radical. □ 
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4.31 Corollary. For a G -ideal I of Ox, 1 = Ox if and only if ^ = Ox 
if and only if Vc{1) = 0- 

Proof. Vg{Ox) = is trivial. If Vail) = ^, then ^/T=Oxhy definition. If 
\/T = Ox, then VT = Ox, and hence I = Ox- □ 

4.32 Lemma. Assume that X is noetherian. If a is an ideal of Ox, then 

Proof. Since \/c^ C -\/o* C and \/c^ is a quasi-coherent G-ideal, we have 

Next, set JT" := y/a . Since C there exists some n > 1 such that 
J"" C a. Then J^" C a* C v^. Hence J C ^/a*. □ 

4.33 Definition. We say that X is a G-point if X has exactly two quasi- 
coherent G-ideals of Ox- In other words, X is a G-point if and only if is a 
G-maximal G-ideal. 

4.34 Corollary. Let X be a G-point, and M. a quasi- coherent {G,Ox)- 
module of finite type. Then Ai is locally free of a well-defined rank. 

Proof. Let r be the smallest integer such that Fitt^(7Vl) ^ 0. Since Fitt ^ Ai 
is a nonzero G-ideal, Fitt ^ Ai = Ox- By Lemma r2.1H A4 is locally free of 
rank r. □ 



5. G-primary G-ideals 

(5.1) As in the last section, let S" be a scheme, G an S'-group scheme, and 
X a p-flat G-scheme. In this section, we always assume that X is noethe- 
rian. Let be a coherent (G, (9x)-Hiodule. Unless otherwise specified, 
a submodule of a coherent Ox-module means a coherent submodule. In 
particular, an ideal of Ox means a coherent ideal. Let AA be a (coherent) 
(G, Ox)-submodule of M- 

I * 

5.2 Lemma. Let V he a G -quasi-prime G-ideal of Ox- Then V = VP - 
Proof. Since V C VV, we have V C VV . 

I * 

Now we set J := \/V and we prove J d V - Since X is noetherian, 
there exists some n > 1 such that a/P C V - Then JT"" C \fV C V - Since 
V is G-quasi-prime, JT" C P, as desired. □ 
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5.3 Lemma. Let V be a G-ideal of Ox- Then V is a G-prime if and only if 
V is a G- quasi-prime. If this is the case, V = p* for some minimal prime p 
ofV. 

Proof. The 'only if part is Lemma [4.231 
Assume that P is a quasi-prime. Let 

= pi n ■ • • n p,. 

be a minimal prime decomposition so that each pi is a minimal prime of V. 
Then by Lemma 15.21 

v = Vv* = p*n---np;. 

As P is a G-quasi-prime, there exists some i such that p* C V. So p* = V. □ 

5.4 Definition. A (G, Ox)-submodule J\f is said to be a G-primary sub- 
module of M. if 

(i) My^f/, and 

(ii) For a (G, Cx)-submodule C of M. and for a G-ideal X of Ox, if X£ C Af 

and C<^Af, then X C v^ATTA?. 

A G-primary (G, Cx)-sub module of Cx is said to be a G-primary G-ideal. 
If is a G-primary submodule of A4, then we say that A4 is a G-primary 
(G, Cx)-module. If Ox is a G-primary module, then we say that X is G- 
primary. 

5.5 Lemma. Let Q be a G-primary ideal of Ox- Then \fQ, is G-prime. 

Proof. It suffices to prove that \fQ is a G-quasi-prime. 
Since Q^Ox,^^ have ^ ^ by Corollary SSI 
Let X and J be quasi-coherent G-ideals. Assume that XJ C \fQ. and 

J' ^ v^. Then there exists some n > 1 such that X" J" C Q and J"^ (f. 

^JQ. Hence X" C Q. This shows that X C □ 

5.6 Lemma. Let M be a G-primary coherent [G, Ox) -submodule of M.. 
Then M \ M. is G-primary. In particular, yMTM. is G-prime. 

Proof. Let X and J be coherent G-ideals, and assume that TJ d Af : M. and 
that J (^U : M. Then JM ^ M and IJM C A/". Hence X C v^ATTA^. 
The last assertion follows from Lemma 15.51 □ 
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(5.7) If M is G-primary and \/M : M = V, then we say that is V-G- 
primary. 

5.8 Lemma. Ifxn is a p-primary suhmodule of M., then m* is a p*-G -primary 
{G, Ox)-suhmodule of M.. 

Proof. By Lemma 14.321 and Lemma I4.6[ 

p* = Vm:M* = %/{m:M)* = \/m* : M. 

Let X be a coherent G-ideal of Ox and £ a coherent (G, Cx)-submodule 
of M. Assume that IC C m* and C m*. Then IC C m and £ ^ m. Hence 
J C Vm : M. Hence 

I C Vm : = P* = v^m* : M. 

Since m 7^ we have m* ^ M. □ 

5.9 Lemma. Let JV and JV' be V-G-primary coherent {G,Ox)-submodules 
of Ai ■ Then M fl M' is also V-G-primary. 

Proof. {J\f ■.M)n {W : M) = {J\fnJ\f') : M. So 

y{Mr\M') : M = y{M : M) n {M' M) 

= ^Af:M n v^AT' : M =vnv = v. 

Let The a. coherent G-ideal, and C a coherent (G, Ox )-sub module of A/1 such 
that IC C ATnAT^ and £ AT n AT'. Then £ ^ M 01 C M' . \i C(^M, 
then 1 C v^VTTTM = P. If £ ^ TV', then J C ^7V' : M = V. □ 

5.10 Definition. Let Aihe a, coherent (G, (9x)-Kiodule, and A/" a coherent 
(G, Cx)-submodule of An expression 

(5) 7V = 7Vin---n7v; 

is called a G-primary decomposition if this equation holds, and each Mi is 
G-primary. The G-primary decomposition ([5]) is said to be irredundant if 
for each f^^y^A/'j 7^ A/". It is said to be minimal if it is irredundant and 

5.11 Lemma. Let M. he a coherent {G, Ox) -module, and M a coherent 
(G, Ox)-suhmodule of M.. Then M has a minimal G-primary decomposition. 
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Proof. Let A/" = rii fl ■ ■ ■ fl be a primary decomposition, which exists by 
( imj) . Then 



TV" = TV* = (ui n ■ ■ ■ n Us)* = n* n • ■ ■ n n*. 

This is a G-primary decomposition by Lemma 15.81 Omitting redundant 
terms, we get an irredundant decomposition. Let 

A/" = ATi n ■ ■ ■ n M 

be the decomposition so obtained. We say that i ~ j if : Ai = 

: M.. Let Ei,...,Er be the equivalence classes with respect to the 
equivalence relation ~. Then letting £i = fljeE, 

Af = Sin---n£r 

is a minimal G-primary decomposition by Lemma 15.91 □ 

5.12 Lemma. Let M. he a coherent {G, Ox)-module, Af a coherent {G, Ox)- 
suhmodule of Ai, and V a coherent G -ideal of Ox- Then the following are 
equivalent. 

(i) M is V-G-primary. 

(ii) The following three conditions hold: 

(a) Afj^M. 

(b) V C ^/^■.M. 

(c) If C is a coherent {G,Ox)-suhmodule of AA, J is a G-ideal, C ^ 
U, and J (^V, then JL M. 

Proof, (i)^(ii) is clear. 

(ii)^(i) Set /C := v^ATTTM. We show V = IC. There exists some n > 1 
IC^'M C M and IC'-^M ^ AT by (a). Then by (c), /C C P. So /C = P by 
(b). By (a) and (c), we have that M is P-G-primary. □ 

5.13 Lemma. Let M. he a coherent {G, Ox) -'module, and M a G-primary 
coherent {G,Ox)-suhmodule of M.. Set V = yNTM.. Let C he a coher- 
ent {G,Ox)-suhmodule of M., and I a coherent G-ideal of Ox- Then the 
following hold. 

(i) IfCdU, then U ■.C = Ox- 
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(ii) If C Af, then M : C is V-G-primary. 

(iii) // J C TV : M, then M ■.I = M. 

(iv) If I M : M. , then M :X is V-G-primary. 

(v) IfXc/LV, thenU -.1 = U. 

Proof, (i) and (iii) are trivial. 

(ii) M : C^Ox\s trivial. v^ATT^ D y/U : M = V. Let J and /C be 
coherent G-ideals of Ox such that J ^ A/" : £ and /C ^ P. Then J^/: ^ AT, 
and /C ^ P. So J'/C/: ^ TV. This shows JK gL M : C. By Lemma 15321 
TV : £ is P-G-primary. 

(iv) Since JTW ^ TV, TW ^ TV : J. We have 

y{U ■.X):M= v^tvTxtwd ^/^f■.M=r. 

Let £ be a coherent (G, Cx)-submodule of and JT" be a coherent G-ideal 
of Ox such that £ ^ TV : J and J ^ P. Since IC M and J V, we 
have that JJ'/: ^ TV. This shows JC <^ J\f :!. By Lemma [5121 TV : T is 
P-G-primary. 

(v) If TV : J ^ TV, then as J ^ P, we have that X(TV : J) ^ TV. This is a 
contradiction. □ 

(5.14) Let TW be a coherent (G, (9x)-uiodule, and TV a coherent (G, Ox)- 
submodule of A4. Let 



(6) TV = Qi n ■ • ■ n 

be a minimal G-primary decomposition, which exists by Lemma 15. Hi Set 
Mi = Dj^^ Qj, and v., = m~M. 

5.15 Theorem. We have 

{Vi, . . . ,Vr} = {TV : C \ C is a coherent (G, Ox)-suhmodule of M., 

and M \ C is G -prime}. 

In particular, this set depends only on Ai/JV, and independent of the choice 
of minimal G-primary decomposition of M ■ 
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Proof. Since the decomposition (jS]) is irredundant, 



J^:Mr = f|(Q, : Mi) = Qr.Mi^ Ox. 

J=l 

Thus N" : Aii is Pj-G-primary by Lemma fS-lSj (ii). Take the minimum n > 1 
such that C AT : Mi, and set £ := PJ'-^Mi. Since Pf"^ ^ AT : A^^, 
M : C = Af^Vl'^Mi = {X : A/li) : P""^ is PrG-primary. In particular, 
M : CC \/M : C = Vi. On the other hand, 

(Af : C) : V, = Af : V^Mi = {Af : Mi) : = Cx- 

Thus Vi d N : C Hence N : C = Vi. Thus each is of the form Af : C for 
some £. 

Conversely, let £ C and assume that Af : C is G-prime. Set V = 
Af : C. We show that V = Vi for some i. Renumbering if necessary, we may 
assume that £ ^ Qj if and only ii i < s. Then by Lemma [5.13[ (ii). 



\ i=l 



i=l 1=1 



So s > 1, and there exists some i such that Vi = V. □ 

5.16 Definition. We set AssaiM/Af) = {Pi, . . . , PJ. Note that AssdM/Af) 
depends only on M/Af. An element of Assc{M/Af) is called a G-associated 
G-prime of M/Af (however, also called a G-associated G-prime of the sub- 
module A/). The set of minimal elements in AssciM/Af) is denoted by 
Mine [M/Af). An element of MinG{M/Af) is called a minimal G-prime of 
M/Af. An element of AssdM/Af) \ MinG{M/Af) is called an embedded 
G-prime. 

5.17 Proposition. Let Q be a poset ideal of {Pi, . . . , P^} with respect to the 
incidence relation. Then Ht' en Qj ^■^ independent of the choice of minimal 
G-primary decomposition. 

Proof. Set ff := O-p.^^Vi. It suffices to prove that fl-p ef^ Qj — '■ 
n > 0. 

For Vi ^ VL, J d Vi = ^/Qi : M. Hence there exists some tlq such that 
JT"" (Z Qi : M for all i such that Vi ^ VL. Take n so that n > Uq. Then 
Q. : J" = since J^"A/i C Qi, for P^ ^ 
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If Vi ^ Q and Vj G Q, then Vi (f. Vj by assumption. Hence J (f. Vj. 
Hence J"" ^ Vj. Thus Qj : J'" = for Vj G by Lemma EUS (v). 

So AT : JT" = n. : = np,en Qr □ 

5.18 Lemma. Lei M. he a coherent [G, Ox) -'module, and M a coherent 
{G,Ox)-submodule of M. If V G AssaiM/M) and p G Ass{Ox/V), then 
p G AssiM/Af). 

Proof. There exists some coherent (G, (9x)-submodule C of Ai such that 
M : C = V. Moreover, there exists some coherent ideal a of Ox such that 
p = V -.a. Then 

p = p : a = (AT : £) : a = AT : a£. 
Thus p G Ass(A/i/A/'). □ 

5.19 Lemma. Let M. he a coherent {G,Ox)-'module, and M a coherent 
{G, Ox)-submodule ofM. Then we have VdM : M) = UpeMincCA^/A^) ^ciV). 
In particular, for a quasi- coherent G -prime G-idealV of Ox, V G MinGr(A^/A/') 
if and only if V is a minimal element of VciM : M). Moreover, we have 

Proof. We may assume that A/" = 0. Let 

= Qi n ■ • • n 



be a minimal primary decomposition of in A4. Set Vi := \/Qi : Ai. Then 

ViD Qi-.MDO-.M. 

In particular, VciVi) C ^^(0 : A4). On the other hand, A4 is a submodule 
of ©:=i M/Q,. So : A< D : M/Q,. So 

^^(0 : M) C VaiO : A^/Q.) = VG{f^{Q^ : M)) = [j VoiVi) C Vg(0 : M). 

i i i 

So Vg(0 : A^) = Ui'^G(^i)- If Vi is an embedded G-prime, then VaiVi) in 
the union is redundant, and we have Vg{0 : M.) = U-peMincM ^g(^)- The 
rest of the assertions are now obvious. □ 

5.20 Corollary. For an ideall of Ox, = flpeVGCX) ^ = Clp^^MinGiOxm ^■ 



30 



Proof. By Lemma 15.191 

n ^)*=( n ^)*= n ^= n 

since Mine ( Ox /X) is a finite set and the intersection of finitely many quasi- 
coherent G-ideals is a quasi-coherent G-ideaL □ 

5.21 Lemma. Let M. he a coherent {G, Ox) -'module, and M a G-primary 
coherent {G, Ox)- submodule. Let 

A/" = ui n ■ • • n n.r 

be a minimal primary decomposition. If y/xii : Ai is a minimal prime, then 
n* = Af. In particular, ^/n^TM* = \^Af : M. 

Proof. First assume that AT : n*i C y/M : M. Then 

P|(n, : M) C fl(ni : nt) = X : nl C \W~M C VAf : M C : M. 

i>2 i>l 

This contradicts the minimahty of i/ni : AA. Hence J\f : yM~M.. 
Since n*(A/' : u^) C A/" and A/" is G-primary, C A/". As D A/" is trivial, 
n* = M. 
Hence, 

^Jni-.M* = ^{xii-.M)* = ^/^^TM = ^/X:M. 

□ 

5.22 Corollary. Let V be a G-prime G-ideal. For any minimal prime p of 
V , we have p* = V . 

Proof. Let P = qi fl ■ • • fl q.,. be a minimal primary decomposition such that 
^ = p. Then, p* = ^* = = ^ = p. □ 

5.23 Corollary. Let M. be a coherent {G, Ox) -'module, and M a {G,Ox)- 
submodule. Then M is a G-primary submodule of M. if and only if M = n* 
for some primary submodule n of Ai. 

Proof. The 'if part is Lemma The 'only if part follows from Lemma 15. 21[ 

□ 
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5.24 Lemma. For a G-idealX of Ox, the following are equivalent. 

(i) X is G-radical. 

(ii) There are finitely many G -prime ideals Vi, . . . ,Vr of Ox such that X = 
Proof, (i)^(ii) follows from Corollary 15.201 and Corollary I4.30[ 

(ii)^(i) ^ = ^Pi n ■ ■ ■ n = ^ n ■ ■ ■ n ^ = n ■ ■ • n = 
X. □ 



6. Group schemes of finite type 

In this section, is a scheme, G an S-group scheme, X a p-fiat noetherian 
G-scheme, and M. a coherent (G, (9x)-niodule. In this section, we assume 
that p2 : G X X — i> X is of finite type. 

Let A/" be a coherent (G, Cx)-submodule of M.. 

6.1 Lemma. Let 

A/" = ui n • • ■ n n n^+i n ■ • • n n^+s 

he a minimal primary decomposition such that 

Min(A4/Ar) = {pi,...,p,}, 
where pi = y/ui : A^. Then 

(i) The {Si)-locus of M/M is X\ Supp(A/l/ni+,). 

(ii) The {Si)-locus of M-jM is a G-stable open subset of X . 

(iii) Ui n ■ • ■ n Ur is a coherent (G, Ox)-submodule of M.. 

Proof. Replacing by Ai/JV, we may assume that A/" = 0. Since X \ 
SuppA4 is G-stable open, replacing X by V( a.nia A4), we may assume that 
ann A4 = 0. 

(i) Note that a coherent Ox-module £ satisfies Serre's (5'i)-condition at 
a; G X if and only if C^c does not have an embedded prime. The assertion 
follows from this. 

(ii) Let U be the (Si) locus X \ Ui=i Supp(A/l/ni+r) of M. It is an 
open subset. Since the action a : G x X — > X and the second projection 
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P2 : G X X ^ X are Cohen-Macaulay morphisms by [T^ Lemma 31.14], 
both a^^{U) and P2^iU) = G x f/ are the (^i)-locus of a*M = p^M by P 
(6.4.1)]. So a-^{U) = G X t/, and f/ is G-stable. 

(iii) Let l : U "-^ X be the inclusion. It suffices to show that I^x ui-^) '■~ 
Ker(A4 — * L^:i*M) agrees with Ui fl ■ ■ ■ fl n^, see for the notation, [T3l (3.1)]. 

Since the composite 

i=l 

is mono, t*(ni fl ■ • • fl n^) = 0. Hence rii fl ■ ■ ■ fl C T_xui-^)- suffices 
to show that Tx,ui-^/^^ n ■ ■ ■ fl n^) = 0. (If so, Ui fl ■ ■ ■ fl = Tx,ui^i ^ 
■ ■ ■ nxxr) = Tx,ui-^))- As M/ni n ■ • • n C 0-=i-M/ni, it suffices to 
show that I^x ui-^/^i) ~ ^ i < r. Assume the contrary. Then since 
Ass(rjf (/(Al/rij)) C Ass(A</nj), Ass(A^/nj) contains a point in X \ U. On 
the other hand, Ass(A^/ni) is a singleton, and its point is a generic point of an 
irreducible component of X. As U is dense in X, this is a contradiction. □ 

6.2 Corollary. If N' is G-primary, then M./M does not have an embedded 
prime. 

Proof. We may assume that A/" = and arni M. = 0. Let 

= ui n • • ■ n n Ur+i n ■ ■ ■ n n^+s 

be a minimal primary decomposition such that Mm{Ai) = {pi,...,pr}, 
where pi = -^/rij : A^. Set £ = Ui fl ■ ■ ■ fl n^. It suffices to show that C = 0. 
Set JT" := ann£. Note that £ is a coherent (G, Cx)-submodule of Ai by 
the lemma, and J7 is a coherent G-ideal. Since V{J') G X \ U, where 
U = X\ U'^^ Supp(A1/n,+^), J ^/O. Since JC = and is G-primary, 
£ = 0, as desired. □ 

6.3 Corollary. If N" is G-primary and 

M = niD ■ ■ ■ nxir 
is a minimal primary decomposition, then n* = A/" for i = 1, . . . , r. 
Proof. Follows immediately from Corollary 16.21 and Lemma [5.21[ □ 

6.4 Corollary. If V is a G-prime G-ideal of Ox, then for any associated 
prime p ofV, p* = V. 

Proof. Follows immediately from Corollary 16.21 and Corollary 15.221 □ 
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(6.5) Assume that X satisfies the (Si) condition (i.e., Ox satisfies the (Si) 
condition). Let 

(7) = qi n ■ ■ ■ n 

be the minimal primary decomposition. Set Xi := ^(q^), and Yi := Xi \ 
[jj^iXj. Define dj = p^^Yi n a-%. We say that i ^ j ii X* D Xj. 

6.6 Lemma. Let the notation he as above. For I < i, j < r , the following 
are equivalent. 

(i) i-^j- 

(ii) G,, ^ 0. 

Proof, (i)^(ii) Since the closure of G x in G x X is G x Xj, the scheme 
theoretic image of the action alcxYi '■ G x Yi ^ X is X*. Since X* D Xj, 
G xYi intersects a"^(Y^). Namely, Gij ^ 0. 

(ii)^(i) Applying Corollary 13.171 the scheme theoretic image of a\Gi- '■ 
Gij Xj is Xj. This shows X* D Xj. 

6.7 Corollary. is an equivalence relation of {1, . . . ,r}. 

Proof. Since X* D Xi, i i. 

Consider the isomorphism 0:GxX^GxX given by Q{g,x) = 
{g^^,gx). Then Q{Gij) = Gji. Thus i j if and only if j —>■ i. 

Assume that i — > j and j ^ k. Then X* = X** D X* D X^. Hence 
i^ k. □ 

6.8 Lemma. Assume that Ai/JV does not have an embedded prime. Let 

(8) A/" = ui n ■ • • n n,. 

be a minimal primary decomposition. Then 

i^j 

where we say that i j if ann (A4/n,;)* C ann(A4/nj). 
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Proof. Replacing A4 hj Ai/Af and Uj by nj/Af, we may assume that Af = 0. 
Replacing X by SuppAl := Vj ann AA), we may assume that ann TW = 0. 
Set qj := ann(A^/nj) and Xj := V{qj). Note that ([7]) is a minimal primary 
decomposition by Lemma [3. 141 and X satisfies the (5*1) condition. 

Now we define Yj and Gij as in (I6.5p . The definition oii ^ j is consistent 
with that in (16.51) . 

Let Pi : Yi —>■ X he the inclusion, p : Yii^j ^ ^ be the inclusion, 
^ • Ui^j ^ij G X X he the inclusion, ao : LJj^j ^ij ~^ Hi^j 
restriction of a, and po '■ Ui^j ^ij ~^ ^* be the restriction of p2, so that the 
diagrams 



ao 



X 



P() 

Y — 



GxX 

P2 

^X 



are commutative. 

Since a{G x Yi) C IJ^.^^ and jJi^j Yj is dense in IJ.^^. Xj, jJi^j Gij 
is dense in G x Fj by (12.71) . As G x Y^ is dense in G x Xj, Ui^j ^ij also 
dense in G x Xj. Since Supppgl-^/i^i) = G x Xj and pl{M/ni) satisfies the 
(5*1) condition, u : a^:pl{AA/ni) a^:{p^{p*pl{AA /xii) is a monomorphism by 
Lemma 13.161 

Similarly, u : p^:p*A4 p*(ao)*«oP*-^ ^ monomorphism. 
Since the diagram 



p^p*M'^ — ^ p^{ao)^a*Qp*A4 



M 



a^plAA. 



a^P*2{M/ni) 



■a^Lp^Lp*a*M 
■ a^ip^ip*p*2A4 
a^(p*PoPiA4 



a^^^^*pl{M/ni) ^ a^<^^plp*i{M/ni) 

is commutative, 

n* = Ker(A^ ^ a^p^AA a^p*2{M/n^)) = Ker(M : AA -> p^p*A4) = f] % 
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by Lemma [4.111 □ 

6.9 Corollary. Let Af be G -primary in LemmaMM Then for i, j G {l,...,r}, 
j. 

Proof. By Corollary 16.31 and Lemma |6.8[ A/" = n* = fli^j^- Since the 
decomposition ([H]) is irredundant, i — > j holds for all j G {1, . . . , r}. □ 

6.10 Theorem. Let 

(9) Af = MiH-'-nMs 
be a minimal G-primary decomposition, and let 

(10) Ml = m,,i n ■ ■ ■ n mi^n 
be a minimal primary decomposition. Then 

s 

1=1 

is a minimal primary decomposition. 



Proof. Note that y/m/j : AA are distinct. Indeed, we have 



V^ij:M* = ?/(m,,, : M)* = ? m*.- : M = V Mi : M. 



Since ([9]) is minimal, a/htzj : M is different if / is different. On the other 
hand, if / is the same and j is different, then ^Jxnlj : M is different, since 
(fTOj) is minimal. 

So it suffices to prove that each y/m/ j : M is an associated prime of Af. 
By Lemma 15. 6[ Mi : M is G-primary, and ^Mi : M is a G-prime. So 
neither Mi : M nor \/Mi : M has an embedded prime by Corollary 16. 2[ So 

AssiOx/{Mi : ^)) = Ass(Ox/( v^M~M)) = Ass(Ox/ 

By Lemma [3.141 

Mr. M = P|mzj : M 



is a minimal primary decomposition. So v^A^^ : G Assq M/JV and 
V'mi,^ : M G Ass(Cx/ ^TWTTAT). By Lemma[5lHl ^/ml,j ■ M G Ass(A/l/7Vr), 
as desired. □ 
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6.11 Corollary. A prime ideal p of Ox is an associated prime of some 
coherent {G, Ox)-'<^odule M. if and only if p is a minimal prime of p* . 

Proof. The 'if part is trivial. We prove the converse. Take a minimal G- 
primary decomposition and minimal primary decompositions fllOl) . We 
may assume that p = ^/m^^^^'l^. Then p* = ^Mi : M. As M/Mi 
does not have an embedded prime, mi^i : A4 is a primary component of 
All : corresponding to a minimal prime, and hence p is a minimal prime 
of Ml : M. Since Mi : M and p* = \/Mi : M have the same radical, we 
are done. □ 

6.12 Corollary. Let be a minimal G-primary decomposition. Then 

s 

Ass{M/^) = Y[Ass{M/Mi) = ]J Ass{Ox/V) 

1=1 V£Assg{M/M) 

and 

AssciM/Af) = {p* I p G Ass{M/Af)}. 

Proof. Follows immediately by Theorem 16.101 □ 

6.13 Corollary. We have 

Mm{M/Af) = ]J Ass{Ox/V) 

VeMmG{M/M) 

and 

MmciM/N') = {p* I p G Mm{M/Af)} 

Proof Assume that p G Mm{M/N') and p* ^ MmciM/Af). Then there 
exists some V G MmciM/Af) such that V Cp*. If 

v/p = p, n • • ■ n p, 

is a minimal prime decomposition, then each pi is an element of Ass{M/N') 
by Corollary 16. 12[ Since 

Pin---np, = VPcVrcv^ = p, 

there exists some i such that pi C p. Since p* = V ^ p*, we have pj C p. 
This contradicts the minimality of p. So p G Min(A^/A/") implies p* G 
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MmaiM/N). By Corollary [6JJJ, p G Mui{M/M) implies that p is an asso- 
ciated prime of p*. So the C direction of the first equation and D direction 
of the second equation have been proved. 

Conversely, assume that V G MmG{M/M), and p G Ass(Cx/^)- By 
Lemma 15.181 p G Ass(A1/A/'). Assume that p is not minimal. Then there 
exists some p' G Min{M/N') such that p' C p. Then (p')* c p* = P. By the 
minimality of P, (p')* = p* = V. So p' G Ass{Ox/V) by Corollary EHH As 
Ox/V does not have an embedded prime by Corollary 16.21 this contradicts 
p' C p. So p must be minimal. This proves the D direction of the first 
equation. As P = p* with p G Min(A1/A/'), the C direction of the second 
equation has also been proved. □ 

6.14 Corollary. We have Ass{M / X) = Mm{M/X) if and only if AssdM/X) = 
MmciM/Af). 

Proof. Obvious by Corollary 16.121 and Corollary 16.131 □ 

6.15 Corollary. A G-radical G-ideal does not have an embedded prime. 

Proof. Obvious by Corollary 16.141 □ 

6.16 Lemma. // X is G-integral and T a nonzero G-ideal, then V{X) is 
nowhere dense in X. 

Proof. Assume the contrary. Then there exists some minimal prime p of 
such that X C p. Then 1 = 1* C p* = 0, since is a G-prime. This is a 
contradiction. □ 

6.17 Lemma. Let X he G-integral, and Ai a coherent {G,Ox)-fnodule. 
Then there exists some r and some dense G-stable open subset U of X such 
that for X E X , it holds x E U if and only if A4x — C^x x- ^^^■^ case, A4\u 
is locally free of rank r. 

Proof. Let r be the smallest integer such that Fitt .^. A4 ^ 0. Then r > 0, and 
letting U := X \ V^f Fitt ^, M.), U is G-stable open, and for x G X, it holds 
X G f/ if and only if = O'^^^ by [5, Proposition 20.8]. 

U is dense, since l^f Fitt .^ M) is nowhere dense by Lemma [6. 161 and closed. 

□ 

6.18 Lemma. Let X he G-reduced, and XI a coherent {G, Ox) -module. 
Then U := {x E X \ M.^ is projective} is a dense G-stable open subset 
ofX. 
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Proof. It is easy to see that U = Ur>o(^ \ (^(IMr M) U SuppFitt^ ^ M)) 
is G-stable open, and if x E U, then M.^ is projective. Conversely, if Aix 
is projective of rank r, then Fittr(Als) = Ox,x and Fittj,_i(A^^.) = by O 
Proposition 20.8], and hence x E U. 

It remains to show that U is dense. Let p be any associated (or equiv- 
alently, minimal, by Corollary 16.151) prime of 0. We need to show that the 
generic point ^ of V{p) is in U. 

Let = Pi n ■ ■ ■ n be a minimal G-prime decomposition. Then we 
may assume that p is a minimal prime of Pi. As X is G-reduced, p 7^ P, for 
i > 2. Hence ^ E Y := X \ (ljj>2 ^C^i))- As y is a non-empty G-stable open 
subscheme of V{Vi), it is G-integral by Lemma [4.201 and ^ is a generic point 
of an irreducible component of Y. Since Y (lU is dense in Y by Lemma [6. 171 
and its proof, ^ G f/, as desired. □ 

6.19 Corollary. Let X be G-reduced, and L a quasi- coherent {G,Ox)- 
module. Then for the generic point ^ of an irreducible component of X , 

is Ox, (-fiat. 

Proof. Since £ is a filtered inductive limit limTWA of its coherent {G,Ox)- 
submodules A^a by fl2.15p and {Mx)^ is a free module by Lemma [6.18[ £^ is 
C»x,rflat. □ 

6.20 Corollary. Let X be G-reduced, and f : V X an affine G-morphism. 
Let V E V , and assume that f{v) is a generic point of X , then f is flat at v. 

Proof. This is because (/*Ov')/(i)) is Oxj{v)-'^^^^ and Ov,v is a localization of 

if*Ov)f{v)- □ 

6.21 Lemma. Let p2 : G x X X have regular fibers. Then 

(i) If a is a radical quasi- coherent ideal of Ox, then a* is also radical. 

(ii) A G -radical G -ideal of Ox is radical. 

Proof. Clearly, (ii) follows from (i). We prove (i). 

Set Y := V{a). Then Y is reduced. By assumption, G x F is reduced. So 
the scheme theoretic image Y* of the action a : G x Y ^ X is also reduced. 
Since Y* = V^(a*), we have that a* is radical. □ 

6.22 Corollary. Let p2 : G x X ^ X have regular fibers. If I is a G-ideal 
of Ox, then y/T = \fX is a G -radical G-ideal. 
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Proof. Note that \/T is G-radical, and hence is radical by the lemma. Hence 



is a G-radical G-ideal. □ 

6.23 Lemma. Let p2 : G x X X have connected fibers. Then 

(i) If q is a primary ideal of Ox, then q* is also primary. 

(ii) A G-primary G-ideal of Ox is primary. 

Proof. Since (ii) follows from (i) and Corollary 16.31 we only prove (i). 

Set Y := V{q). Then Y is primary. This is equivalent to say that Y is 
irreducible and satisfies (5*1). Since G x F is Cohen-Macaulay over Y (see 
e.g., O (31.14)]), G xY satisfies (Si) by P, (6.4.1)]. On the other hand, 
the generic point of any irreducible component of G x y must be mapped to 
the generic point rj of Y hj the second projection by flatness, and since the 
fiber Gr^ is irreducible, G x Y must be irreducible. So G x F is primary. So 
Y* is also primary by Lemma 13.181 and hence q* is primary. □ 

6.24 Corollary. Let p2 : G x X —>■ X have connected fibers. If I is a G- 
ideal of Ox, then a minimal G-primary decomposition ofX is also a minimal 
primary decomposition of I. 

Proof. Follows from Lemma 16.231 and Theorem 16.101 □ 

6.25 Corollary. Let p2 : G x X X have regular and connected fibers. 
Then 

(i) If p is a prime ideal of Ox, then p* is also a prime ideal. 

(ii) A G-prime G-ideal of Ox is prime. 

(iii) For a G-ideall of Ox, Assg(X) = Ass(J) and MmciT) = Min(J). In 
particular, any associated prime of a G-ideal is a G-prime G-ideal. 

Proof, (i) and (ii) follow immediately from Lemma [6.211 and Lemma [6.231 
(iii) follows from (ii). Corollary 16. 12[ and Corollary 16.1 3[ □ 

6.26 Lemma. Let S be locally noetherian and G be flat of finite type over 
S . Let TT be the structure map G S . Then h{s) := dim(7r~^(s)) is a locally 
constant function on S. 
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Proof. We may assume that S = Spec A is affine and reduced. Then it 
suffices to show that h is constant on each irreducible component. So we 
may further assume that S is irreducible. Let a be the generic point of S. 
The fiber 7i~^{a) is a finite-type group scheme over the field k((t), and is 
equidimensional of dimension h{a). 

Let s G S*. Note that vr is an open map (follows easily from P, (1.10.4)]). 
By [HI (14.2.4)], each irreducible component of vr~^(s) is /;,(cr)-dimensional. 
Hence, h{s) = h{a), and this value is independent of s. □ 

6.27 Proposition. Assume that MinG'(O) is a singleton, where is the zero 
ideal of Ox- Then the dimension of the fiber of p2 : G x X ^ X is constant. 
In particular, if X is G-primary, then the dimension of the fiber of p2 : 
G X X ^ X is constant. 

Proof. Set h{x) = dimp2^(^)- We want to prove that h is constant. By 
Lemma [6.261 h is locally constant. Let = Qi fl Q2 H ■ ■ ■ fl Qr be a minimal 
G-primary decomposition where ^/Qi is a minimal G-prime. Then Y = 
^(Q2 n ■ ■ ■ n Qr) is nowhere dense in X. By the local constantness, replacing 
X by X \ y, we may assume that X is G-primary. Let = qi fl ■ ■ ■ fl be 
the minimal primary decomposition of in Ox- Set Xj := V{qi), and let 
C,i be the generic point of Xj. Let tt : X — > S* be the structure map. Let 
Yi:= Xi\ {jjjLi^j- 

It suffices to show that for 1 < i, j < s, h{$^i) = h{^j). Note that Gij = 
a~^Yj np2'^Yi is non-empty by Corollary 16.91 and Lemma [6.61 Let 7 be the 
generic point of an irreducible component of Gij. By flatness, 0(7) = and 
^2(7) = 6- Hence a := Tr{Q = 710(7) = T^P2il) = vr(^i). Since {^j} -> {a} 
associates with a field extension, and is faithfully fiat quasi-compact, and 
G X {^j} is of finite type over {C,j}, we have that G x {a} is of finite type 
over {a} by |i9j, (2.7.1)]. It is easy to see that G x {a} and G x {^j} have the 
same dimension, h{^j). By the same reason, G x {cr} is /;,(^j)-dimensional. 
Hence h{^i) = h{Q. □ 

(6.28) A commutative ring A is said to be Hilbert if any prime ideal P 
of A equals the intersection Hm^' where the intersection is taken over the 
maximal ideals containing P. We say that A satisfies the first chain condition 
(FCC for short) if each maximal chain of prime ideals in A has the length 
equals to dim A. We say that A is RatlifJ if A is noetherian, universally 
catenary, Hilbert, and for any minimal prime P of A, A/P satisfies the FCC. 

6.29 Lemma. A noetherian ring A is Ratliff if and only if Aj-^^ is. 
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Proof. By assumption, both A and Aj-^d are noetherian. Almost by definition, 
A is Hilbert if and only if ^red is. A finite-type algebra over Aj-ed is of 
finite type over A. So plainly, if A is universally catenary, then A^ed is 
universally catenary. Let i? be a finite type algebra over A. Then B is 
catenary if and only if i?red is, and Bj-ed is a finite-type algebra over Aj-ed- So 
if A^ed is universally catenary, then so is A. Note that Min(y4red) = {-P^red | 
P e Min(A)}, and A/P ^ A.^djPAred- So A/P satisfies the FCC for any 
P e Mm{A) if and only if A,ed/P satisfies the FCC for any P G Mm{A). □ 

(6.30) An artinian ring is RatlifF. A one-dimensional noetherian domain 
with infinitely many prime ideals is Ratliff. For example, Z is Ratliff. 

6.31 Lemma. Let A be a catenary noetherian ring such that for each min- 
imal prime P of A, A/P satisfies the FCC. Then for any prime ideal Q of 
A, A/Q satisfies the FCC. 

Proof. Easy. □ 

6.32 Corollary. A homomorphic image of a Ratliff ring is Ratliff. 

Proof. Follows from Lemma 16.311 □ 

6.33 Lemma. If A is Ratliff and A ^ B is of finite type, then B is Ratliff. 

Proof. Note that B is noetherian by Hilbert 's basis theorem. B is universally 
catenary, since a finite- type algebra C over B is also of finite type over A. 
It is well-known that a finite-type algebra over a Hilbert ring is Hilbert [221 
Chapter 6, Theorem 1]. It remains to show that for any minimal prime P, 
B := B/P satisfies the FCC. Since we know that B is catenary, it suffices to 
show that dimBm is independent of the choice of a maximal ideal m of B. 
Let p := P n A, and set A := A/p. Note that A is Ratliff. Note also that 
n := mflA is a maximal ideal of A [221 Chapter 6, Theorem 2], and dimA^ = 
dimA is independent of n. Clearly, K{xn) is an algebraic extension of ^(n). 
By the dimension formula [9l (5.6.1)], dim 5m = dim A + trans.deg^5 is 
independent of m. □ 

(6.34) We say that a scheme Y is Ratliff if Y has a finite affine open 
covering (Ui) such that each Ui is isomorphic to the prime spectrum of a 
Ratliff ring. Y is Ratliff if and only if Y is quasi-compact, and each point of 
Y has an affine Ratliff open neighborhood. A Ratliff scheme Y has a finite 
dimension. 
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If Y is Ratliff and Z -^Y is of finite type, then Z is Ratliff. 

A noetherian scheme Y is said to be equidimensional, if the irreducible 
components of Y have the same dimension. If Y is Ratliff and equidimen- 
sional, then dimF = dimCy^^ for any closed point y of Y. Let Z be a closed 
subset of a Ratliff scheme Y. Let W be the set of closed points of Z. Then 
the closure of W is Z. It follows that any non-empty open subscheme U of 
a Ratliff scheme Y contains a closed point of Y. In particular, if Y is Ratliff 
equidimensional and U is a non-empty open subset, then dimf/ = dimy. In 
particular, for any point y of Y, dimyY = dimy. 

Let f : Z Y he of finite type and dominating, Y be Ratliff, and Z and 
Y be irreducible. Then dimZ = dimF + trans. deg^^^j k(C), where i] and ( 
are respectively the generic points of Y and Z. 

6.35 Proposition. Assume that X is Ratliff, and assume that MinG'(O) is a 
singleton, where is the zero ideal of Ox ■ Then X is equidimensional. 

Proof. Discarding a nowhere dense G-stable closed subscheme form X, we 
may assume that X is G-primary. 

Let Xi, Yi, and Gij be as in the proof of Proposition 16.271 Let 5^ be a 
closed point of Gij. Then p2{g) is a closed point of Yi, and we have dim O^g = 
dim Yi + h, where h is the dimension of the fibers of p2 '■ G x X ^ X, see 
Proposition 16.271 Since a{g) is a closed point of Yj, dimOc,g = diml^- + h 
(note that the dimension of the fibers of a also have the constant value h). 
Hence, dimX^ = diml^- = dimFj = dimXj, as desired. □ 

6.36 Example. Let i? be a DVR, and t a prime element of R, and K = 
R[t~^] the field of fractions of R. Set S = Speci?. Let G = ]J S*! be the 
constant group Z/2Z over S, where S = Sq = Si, and S'o corresponds to 
the unit element, and 5*1 corresponds to the other element of Z/2Z. Then 
G = S'o ]J Spec K is a fiat of finite type group scheme over S. Letting X = G, 
the left regular action, X is G-primary. But X is not equidimensional. 

This example also shows that the following statement is false. Let V and 
Q be G-primes of Ox such that Q D V. Then for any minimal prime p of V, 
there exists some minimal prime q of Q such that q D p. Indeed, let V = 0, 
and Q be the defining ideal of the closed point of S'o. Then the component 
Specif C Si of V(V) does not contain a component of V{Q). 

6.37 Example. Let {R, t) be a DVR of mixed characteristic p. Then ^p^R = 
Spec R[x]/ {x^ — 1) is a local scheme with two or more irreducible components. 
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6.38 Example. A primary ideal q of Ox which is a primary component of 
some G-ideal of Ox, but not a primary component of q*. 

Construction. Let S = Spec A; with k a field. Let G = G^, and X = Spec A, 
A = k[x,y]. G acts on A with degx = (1,0) and degy = (0,1). Let 
q = (x'^, yx^, y'^x^ + y^x, y'^). It is a primary component of the homogeneous 
ideal / = (a;^,|/x'^) = {x^) fl q. But q is not a primary component of q* = 

6.39 Lemma. Let M he a {G,Ox)-submodule of M.. If xn is the primary 
component of M corresponding to a minimal prime of M , then m is the 
primary component of m* corresponding to a minimal prime of m* . 

Proof. Let ([9]) be a minimal G-primary decomposition of A/", and (fTOj) be a 
minimal primary decomposition of A^;. By the uniqueness of the primary 
component for minimal primes, we may assume that mi i = m. Then m is 
a primary component of A^i = m* corresponding to a minimal prime by 
Corollary 16.31 and Corollary 16.21 □ 

6.40 Example. Even if m is a maximal ideal of Ox, nr* may not be a G- 
maximal G-ideal. Let S = Specfc with k a field, G = Gm, and X = on 
which G acts by multiplication. For any maximal ideal m of k[X] = k[t] not 
corresponding to the origin, m* = is not G-maximal. 



7. Matijevic— Roberts type theorem 

In this section, S, G, X, and Ai are as in the last section. As in the last 
section, we assume that p2 : G x X X is of finite type. 

(7.1) A fiat homomorphism of noetherian rings : A B is said to be 
l.c.i. (local complete intersection) (resp. regular) if for any prime ideal P of 
A, the fiber ring Bp/PBp is l.c.i. (resp. geometrically regular over the field 
Ap/PAp). By the openness of l.c.i. locus [HI (1.2.12.4)] (resp. smooth locus 
[H (6.8.7)]) for a finite-type morphism, a fiat local homomorphism essentially 
of finite type (A, m) {B^xi) is l.c.i. (resp. regular) if and only if the closed 
fiber B/mB is a complete intersection (resp. geometrically regular). 

7.2 Theorem. Let y he a point of X , and Y the integral closed suhscheme 
of X whose generic point is y. Let rj be the generic point of an irreducible 
component ofY*. Then there are a noetherian local ring A and flat l.c.i. local 
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homomorphisms essentially of finite type if : Ox.y — ^ A and ip : Ox,'q — ^ A, 
such that dim A = dim Ox,y and that A C.r) — A ®Ox /^'^ ^^^2/ Quasi- 
coherent {G, Ox)-'module C of X . If, moreover, p2 : G x X ^ X is smooth, 
then (f and ijj can be taken to be regular. 

Proof. The action a : G x Y ^ Y* is dominating, so there is a point z e 
G X Y such that a{z) = rj. Let ( be the generic point of an irreducible 
component of G x Y containing z. Then a{() is a generahzation of t], and 
hence a{() = t] hj the choice of rj. Since the second projection p2 : G x 
r ^ r is flat, P2(C) = y- Set A := Ogxx,c- Let <f> : Ox,y A and 
ip : Ox,rt ^ ^ be the homomorphisms induced hj p2 '■ G x X X and 
a : G X X X, respectively. As p2 and a are finite-type flat local complete 
intersection morphisms fl2[ (31.14)], if and ip are essentially of finite type flat 
homomorphisms with complete intersection fibers. As ( is the generic point 
of a component of P2^{y), it is easy to see that dim A = diraOx,y Moreover, 

A ®Ox,, = («*^)C = (P2^)C = ^ ®Ox,y l^y 

The last assertion is trivial. □ 

7.3 Corollary. Let S = Speck, with k a perfect field, and let G be of finite 
type over S . Let y, Y , and rj be as in the theorem. Then there exist A, ip 
and ip as in the theorem such that if and ip are regular. 

Proof. Replacing G by Grcd if necessary, we may assume that G is fc-smooth. 
The assertion follows immediately by the theorem. □ 

7.4 Corollary. Let y and rj be as in the theorem. Then dim Ox,y > dim Ox,r)- 

Proof. dim(9x,j; = dimA > dim(9x,»7- D 

7.5 Corollary. Let Y be as in the theorem, and rji and ri2 be the generic 
points of irreducible components of Y* . Then dim = dim Ox,r)2 ■ There 
are a noetherian local ring A such that dim A = dim(9x,r?i and flat l.c.i. local 
homomorphisms ipi : Ox,r)i A essentially of finite type such that for any 
quasi- coherent (G, Ox) -module C, A^Ox ^ — ^^Ox ,,2 '^V2 ■ //> moreover, 
P2 : G X X ^ X is smooth, or S = Spec k with k a perfect field and G is of 
finite type over S, then ipi can be taken to be regular. 
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Proof. Let p be the defining ideal of Y. Let be tlie defining ideal of 
Zi, where Zj is the closed integral subscheme of X whose generic point is 
r]i, for i = 1,2. By Corollary [6l3l q* G MinG(Cx/p*) = {p*}- Apply- 
ing Corollary 17.41 to y = rji and = 772, dimOx,rii > dimOx,ri2- Similarly, 
dimCx,??2 > dim(9x,r?i, and hence dim Ox,rii = dimOx,r]2- The other asser- 
tions are clear by Theorem I7.2[ □ 

7.6 Corollary. LetC andV he classes of noetherian local rings, andF{A, M) 
a property of a finite module M over a noetherian local ring A. Assume that: 

(i) If A e C, M a finite A-module with F{A,M), and A ^ B a flat l.c.i. 

{resp. regular) local homomorphism essentially of finite type, then B G 
V and P(fi, B ®a M) holds. 

(ii) If A ^ B is a flat l.c.i. {resp. regular) local homomorphism essentially 

of finite type of noetherian local rings, M is a finite A-module, and if 
B eV and P(S, B ®a M) holds, then A e V and F{A, M) holds. 

If Ox,ri G C and F{Ox,ri,Mri) holds {resp. F{Ox,rnMri) holds and either 
P2 : G X X X is smooth, or S = Spec k with k a perfect field and G is 
of finite type over S), then Ox,y G V and F{Ox,y, -My) holds. Conversely, 
if C)x,y € C and F{Ox,y,.My) holds {resp. F{Ox,y,.My) holds and either 
P2 : G X X X is smooth, or S = Spec k with k a perfect field and G is of 
finite type over S), then Ox,ri ^ 1^ (md F{Ox,ri, -M-r^) holds. 

Proof Because of : Ox-q A, A e V and F{A, A ®Ox,r, -^v) holds, by the 
condition (i). Since A , ■^v — ^ ®Cx -^y have (p : Ox,y A, 

Ox,y G V and F{Ox,y,My)hY the condition (ii). 

The proof of the converse is similar. □ 

7.7 Corollary. Let y and rj be as in the theorem, and m, n, and g be non- 
negative integers or 00. Then 

(i) If M.ri is maximal Cohen-Macaulay {resp. of finite injecctive dimension, 

projective dimension m, dim — depth = n, torsionless, reflexive, G- 
dimension g, zero) as an Ox,-q-'<^odule if and only if M.y is so as an 
Ox,y-'module. 

(ii) If Ox, ri is a complete intersection, then so is Ox,y 

(iii) Assume that p2 : G x X X is smooth, or S = Spec k with k a perfect 
field and G is of finite type over S. If Ox,r) is regular, then so is Ox,y 
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(iv) Assume that p2 : G x X ^ X is smooth, or S = Spec A; with k a 
perfect field and G is of finite type over S . Let p be a prime number, 
and assume that Ox,r] is excellent. If Ox,r] is weakly F -regular {resp. 
F -regular, F -rational) of characteristic p, then so is Ox,y If Ox,y is 
excellent and weakly F-regular of characteristic p, then Ox,r] is weakly 
F-regular of characteristic p. 

Proof, (i) Let C = T> he the class of all noetherian local rings, and P(v4, M) 
be the property "M is a maximal Cohen-Macaulay A-module" in Corol- 
lary 17.61 The assertion follows immediately by Corollary I7.6[ Similarly for 
other properties. 

(ii) Let C = Vhe the class of complete intersection noetherian local rings, 
and P(yl, M) be "always true." 

(ill) Let C = be the class of regular local rings. 

(iv) Let C be the class of excellent weakly F-regular local rings of charac- 
teristic p, and V be the class of weakly F-regular local rings of characteristic 
p. By [13], (i) and (ii) of Corollary 17.61 holds. Similarly for F-regularity, see 
[Hj . For F-rationality, see [23|. □ 

7.8 Corollary. Let Y be a G -primary closed subscheme of X. Let rji and 772 

be the generic points of irreducible components ofY. Let d, 5, m, and g be 
nonnegative integers or 00. 

(i) M-ni is maximal Cohen-Macaulay {resp. of finite injective dimension, 

dimension d, depth 5, projective dimension m, torsionless, reflexive, 
G-dimension g, zero) as an Ox,rii -module if and only if the same is 
true of A4ri2 an Ox,ri2-'>^odule. 

(ii) Ox,Tii is a complete intersection if and only if Ox.ri2 is so. 

(iii) Assume that p2 : G x X ^ X is smooth, or S = Spec k with k a perfect 
field and G is of finite type over S. Then Ox,rii is regular if and only if 
Ox,ri2 is so. Assume further that X is locally excellent {that is, the all 
local rings of X are excellent) . Then Ox,rii is of characteristic p and 
weakly F-regular {resp. F-regular, F -rational) if and only if Ox,-q2 is 
so. 

Proof. Follows immediately from Corollary 17.51 □ 
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(7.9) Let Y = V{Q) be as in the corollary. Then we say that Ai is maximal 
Cohen-Macaulay (resp. of finite injective dimension, dimension d, depth S, 
projective dimension m, torsionless, refiexive, G-dimension g) along Y (or 
at Q) if A4ri is so for the generic point rj of some (or equivalently, any) 
irreducible component of Y. We say that X is complete intersection along 
Y (or at Q) if Ox,ri is a complete intersection for some (or equivalently, any) 
rj. Assume that p2 : G x X X is smooth, or 5* = Spec k with k a perfect 
field and G is of finite type over S. We say that X is regular along Y (or at 
Q) if Ox,ri is a regular local ring for some (or equivalently, any) 77. Assume 
further that X is a locally excellent Fp-scheme. We say that X is weakly 
F-regular (resp. F-regular, F-rational) along Y (or at Q) if Ox,ri is so for 
some (or equivalently, any) 77. 

7.10 Corollary. Let p be a prime number, and A a Z"^ -graded noetherian 
ring. Let P be a prime ideal of A, and P* be the prime ideal of A generated 
by the homogeneous elements of P. If Ap* is excellent of characteristic p 
and is weakly F -regular {resp. F -regular, F -rational) , then Ap is weakly F- 
regular {resp. F -regular, F -rational). If Ap is excellent of characteristic p 
and is weakly F -regular, then Ap* is weakly F -regular. 

Proof. Let S = SpecZ, G = GJ^, and X = Spec A. li y = P, then rj in the 
theorem is P*. The assertion follows immediately by Corollary 17. 7[ □ 

7.11 Corollary (Cf. [T5l (4.7)]). Let A be a WT'-graded locally excellent ring 
of characteristic p. If A^ is F-regular {resp. F -rational) for any graded 
maximal ideals {that is, G-maximal ideal for G = G^), then A is F-regular 
{resp. F -rational). 

Proof. If Q is a graded prime ideal, then it is contained in a graded maximal 
ideal. So Aq is F-regular (resp. F-rational, see [TU (4.2)]). 

Now consider any prime ideal p of A. Then Ap* is F-regular (resp. F- 
rational), since p* is a graded prime ideal. Hence Ap is so by Corollary 17.101 
So A is F-regular (resp. F-rational). □ 

7.12 Remark. Let k be an (F-finite) field of characteristic p, and A = 
0^>g An, Aq = k, a positively graded finitely generated fc-algebra. Set 
m := 0„>o Lyubeznik and Smith [18] proved that if A^ is weakly F- 
regular, then A is (strongly) F-regular. 
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7.13 Corollary. Let A = ©„>QAn be an N-graded locally excellent noethe- 
rian ring of characteristic p. Let t G := 0„>o^" ^ nonzerodivisor of 
A. If A/tA is F -rational, then A is F -rational. 

Proof Note that A/tA is Cohen-Macaulay [231 Proposition 0.10]. By Corol- 
lary I7.1H it suffices to show that A-^^ is F-rational for any graded maximal 
ideal (i.e., G-maximal ideal for G = GJ^). It is easy to see that m = mo + v4+. 
Hence t e m. Since Am/tAm is Cohen-Macaulay F-rational, A^ is also F- 
rational by [14, (4.2)]. □ 

7.14 Corollary. Let A be a ring of characteristic p , and {Fn)n>o a filtration 
of A. That IS, Fo C Fi C F2 C ■ ■ ■ C A, 1 e Fq, FiF^ C F^+j-, and U„>o F„ = 
A. Set R = 0„>oi^nt'' C A[t], and G = R/tR. If G is (locally) excellent 
noetherian and F -rational, then A is also (locally) excellent noetherian and 
F-rational. 

Proof. There exist homogeneous elements ait"''^,--- ,art""' of R such that 
their images in G generate the ideal G+, the irrelevant ideal of G. Then R^ 
is generated by t, ait"'^, . . . , art""'. Since Fq = G/G+, Fq is (locally) excellent 
noetherian. Since R is generated by t, ait"'^, . . . , a,i""' as an Fg-algebra, R is 
also (locally) excellent noetherian. Then by Corollary 17.131 R is F-rational. 
Hence -R[t~^] = A[t,t~^] is (locally) excellent and F-rational. Hence A is 
(locally) excellent and F-rational. □ 
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